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Abstract

The effect of a finite space—time extent of particle production region on the
lifetime measurement of hadronic atoms produced by a high energy beam in a thin
target is discussed. Particularly, it is found that the neglect of this effect on the
pionium lifetime measurement in the experiment DIRAC at CERN could lead to
the lifetime overestimation on the level of the expected 10% statistical error. It
is argued that the data on correlations of identical particles obtained in the same
experimental conditions, together with transport code simulation, allow to diminish
the systematic error in the extracted lifetime to an acceptable level. The theoretical
systematic errors arising in the calculation of the finite—size effect due to the neglect
of non-equal emission times in the pair c.m.s., the space—time coherence and the
residual charge are shown to be negligible.

1 Introduction

The determination, on a percent level accuracy, of the breakup probability of the 777~
atoms produced by a high energy beam in a thin target is of principle importance for a
precise lifetime measurement of these atoms in the experiment DIRAC at CERN [1-3].
This experiment aims to measure the lifetime 7o of the 777~ atoms in the ground state
with 10% precision. As this lifetime of order 107*s is determined by the probability of

trm = 7% 1)1 ~ |ad — a2]?, the DIRAC measurement enables to

the annihilation 7

determine the absolute value of the difference aj — a3 of the s-wave isoscalar and isotensor
nm—scattering lengths to 5%. This represents a factor of 4 improvement as compared
with the present experimental data [4] except for the most recent BNL experiment [5].
The latter is based on a study of K4 decays and yields the statistical error of 6% in a,
though essentially exploiting the theoretical input (the authors estimate the systematic
and theoretical error on the level of several percent).

It should be stressed that the theoretical prediction for the difference a—a3 depends on
the structure of the QCD vacuum. Thus, on the assumption of a strong quark condensate
one has aJ — a3 = 0.374 £ 0.006 fm [6]. With the decreasing condensate this difference
increases and can be up to 25 % larger [7]. The DIRAC measurement thus submits the

understanding of chiral symmetry breaking of QCD to a crucial test.



The method of the lifetime measurement is based on the production of the 77~
atoms in a thin target and subsequent detection of highly correlated 7+7~ pairs leaving
the target as a result of the breakup of a part of the #*7~ atoms which did not decay
within the target [8]. Clearly, the breakup probability is a unique function of the target
geometry and material, the Lorentz factor and the ground state lifetime of the 77~
atom. The analysis shows that, to achieve the required accuracy of 10% in the lifetime,
the breakup probability, in more or less optimal conditions, should be measured to 4%
[1].

There are two methods - extrapolation and subtraction ones - which can be used
to measure the breakup probability (or a combination of the breakup probabilities in
different targets) [2] P,, = N /N4, defined as a ratio of the number of breakup atoms to
the number of the atoms produced in the target. The extrapolation method requires the
calculation of the number of produced 77~ atoms N4 based on the theory of the final
state interaction (FSI) in discrete and continuous spectrum [8, 9, 10]. This calculation,
as well as the determination of NY, is not required in the subtraction method which
exploits the data taken on at least three different targets made out of the same material
but consisting of a different number of layers of the same total thickness. However, this
method needs a factor 7 larger statistics [1] and cannot yield the required precision within
the approved time—scale of the experiment DIRAC.

Regarding the extrapolation method, it is sensitive to the finite space—time extent
of the pion production region entering mainly through the distance r* between the 7+
and 7~ production points in their c.m.s.. In Ref. [8], the r*~dependence was treated in
an approximate way, dividing the pion sources into short-lived and long—lived ones. It
was assumed that r* = 0 for pion pairs arising solely from the short-lived sources (SLS)
and characterized by the distances r* much smaller than the Bohr radius |a| of the 7t 7~
system (¢ = —387.5 fm), otherwise r* = co.

The finite-size correction to such calculated number of free 777~ pairs in the region
of small relative momenta is determined by the three dimensionless combinations r*/a,
fo/r* and fo/a of r*, a and the s—wave m+ 7~ -scattering length: fo = £(2a9+af) ~ 0.2 fm.
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Typically (r*)**® ~ 10 fm so that the correction is dominated by the strong interaction
effect and can amount up to ~ 10%.

Due to a small binding energy ¢, ~ (2ua?)™!, the finite-size correction to the produc-
tion probability in discrete spectrum at r* < |a| is nearly the same as that in continuous
spectrum at zero energy. Since Ny is actually determined by a ratio of the pions produced
in discrete and continuous spectrum, this correction, up to O((r*/a)?) and O( fo/a), would
cancel out in the breakup probability provided we could measure the number of free 7
pairs in the region of very small relative momenta, @) < 1/r* [11, 12].

At small values of () and r*, the relative correction to the number of the free pairs
is positive (due to the effect of the strong FSI ~ 2f,/r*) and changes sign at r* ~ 10
fm (due to negative finite-size effect of the Coulomb FSI ~ 2r*/a). For r* < 20 fm, the
relative correction shows a quasi-linear behavior in @ up to ~ 50 MeV/c, with almost a
universal negative slope. For larger distances r*, the slope becomes positive and has a
non-trivial ()—dependence. If the pions were produced at small distances r* of several fm,
one could safely neglect the non—universal correction O((r*/a)?) and use the quasi-linear
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()-dependence of the number of the free pairs to interpolate to () = 0. However, there is a
non-negligible tail of the distances r* > 10 fm due to particle rescatterings and resonances
(particularly, r* ~ 30 fm in the case when one of the two pions comes from the w-meson



decay). We show that in DIRAC conditions the finite-size correction can lead to about
percent underestimation of N4 and - to a similar overestimation of N} enhanced (in case
of a homogeneous target) by the ratio of the number of correlated pions to the number
of breakup atoms N°Y7_ /N ~ 5. As a result, the finite-size correction in the extracted
lifetime can be on a ten percent level and should be taken into account.

We discuss how to diminish the systematic error in the finite-size correction, using
the correlation data on identical charged pions (containing the information about the
distances r* between the pion production points in the same experiment) together with
the complete phase—space simulations within transport models. We also show that in
the calculations one can safely neglect non-equal emission times in the pair c.m.s., the
space—time coherence and the residual nucleus charge.

The paper is organized now as follows. In sections 2 and 4 we give the basics of the
theory of two-particle correlations due to the effects of final state interaction and quantum
statistics. Sections 5 and 7 deal with the single- and two-channel wave functions in the
continuous and discrete spectrum. In section 6 we consider the effect of the residual
charge. In sections 3 and 8, we apply the developed formalism to estimate the finite-size
effects on the pionium lifetime measurement in the experiment DIRAC at CERN. The
results are summarized in section 9. In Appendices A and B we consider the effect of
non-equal times and derive the analytical expression for the normalization effect of the
short-range interaction on the wave function of a hadronic atom, modifying the usual
n=3/? dependence of the pure Coulomb wave function on the main quantum number n.
The reader interested mainly in practical applications can start reading from sections 3
and 8 and eventually consult the rest of the paper to clarify the questions.

2 Formalism

The production of two particles at small relative momenta is strongly influenced by their
mutual final state interaction (FSI) and, for identical particles, also by quantum statistics
(QS). One can separate these effects from the production amplitude provided a sufficiently
long two-particle interaction time in the final state as compared with the characteristic
time of the production process. This condition requires the magnitude of the relative
three-momentum q* = p7 — p5 = 2k* in the two-particle c.m.s. much smaller than
several hundreds MeV /c - the momentum transfer typical for particle production. For
a two-particle bound state the momentum £* in this condition has to be substituted by
(2/,@,)1/2, where ¢, is the binding energy and g = mymsy/(my + ms) is the reduced mass.

Consider first the differential cross section for the production of a pair of non-identical
particles 1 and 2 with the four-momenta p; = {w;, p;} and the Lorentz factors v; = w;/m;.
Generally, it can be expressed through the invariant production amplitudes T'(py, pa; o)

in the form:
dbo

(27)6’7172m = Z|T(p1,p2;oz)|2, (1)

where the sum is done over the total spin S of the pair and its projection M (which
is equivalent to the sum over helicities of the two particles) and the quantum numbers
of other produced particles, including integration over their momenta with the energy-
momentum conservation taken into account.

We are interested in the pairs (1,2) of the particles produced with a small relative



velocity in a process with an ordinary phase space density of final state particles so that
a main contribution to the double inclusive cross section comes from the configurations
(1,2,..,4,..) with large relative velocities of the particles 1 and 2 with respect to other
produced particles (¢ = 3,4,..n). Due to a sharp fall of FSI with the increasing relative
velocity, we can then neglect the effect of FSI in all pairs (1,¢) and (2,7) except (1,2)
and,! in accordance with the upper diagram in Fig. 1, write the production amplitude as

T(p1.p2; @) = To(pr, p2; @) + AT (p1, pa; ). (2)

Here Ty(p1, p2; @) is the production amplitude in the case of no FSI, and AT (py, pe; @)
represents the contribution of the FSI between particles 1 and 2, described by the formula

AT (py,p2s ) =

Z\/_/d4 To(k, P — k;0) f*(p1, p2s £, P — k) (3)

(k? —my? —i0)[(P — k)? — my? —i0]

where P = 2p = py1+p2, To(k, P—k; @) is the production amplitude analytically continued
off mass-shell, f%(p1,pa; &, P — k) is the scattering amplitude of particles 1 and 2 also
analytically continued to the unphysical region.?

Let us express the amplitude Tj in a form of the Fourier integral:

To(p1,p2; @) = /d4:1;1 d4:1;26_ip1“_ip”27’(:1;1,:1;2;a) = /d4xe_i§$/27'p(:1;;oz), (4)

where the second expression arises after the integration over the pair c.m.s. four—coordinate
X = [(p1P)x1 + (p2P)as]/ P* (d*zyd*zy = d* X d*z) based on the separation of the phase
factors due to the free c.m.s. and relative motions: e~#1#1-#222 = =iPX=i2/2 Here the
relative four-coordinate @ = {¢,r} = ;1 — x5 and the generalized relative four-momentum
q=q— P(qP)/P* q = p1 — p2; note that ¢P = m;* — my?. Apparently, the function
T (21, 22; ) represents the production amplitude of particles 1 and 2 at the space-time
points @1 and g, respectively. It should be stressed that the representation (4) con-
cerns virtual particles as well. Inserting now in Eq. (3) the representation (4) with the

substitutions p; — &, ps — P — K, we get

T(p17p2; /d L1 d4l’ \I}pl(p;(xlva)T $1,$2, /d4$¢)~ TP(x Oé) (5)
where
* 7 S *
U (i, w) = (W5 (o, 20)]" = [ 92 ()] (6)

coincides with the Bethe-Salpeter amplitude in continuous spectrum [14]. The second
equality in Eq. (5) merely arises after the integration over the pair c.m.s. coordinate
X as a consequence of the factorization of the free c.m.s. motion in the phase factor

! Besides the events with a large phase-space density fluctuations, this assumption may not be justified
also in low energy heavy ion reactions when the particles are produced in a strong Coulomb field of residual
nuclei. To deal with this field a quantum adiabatic (factorisation) approach can be used (see Ref. [13]
and section 6).

?In the case of small k*, we are interested in, the central forces dominate so the scattering amplitude
f* is diagonal with respect to the total spin S and doesn’t depend on its projections. Further, since most
of the systems of our interest (7t7~, K*n¥ 77 p, KtK~, K~ p, except for pp) is described by a single
value of S, we will often skip it to simplify the notation.



e”""X_ Thus, on the assumption of the quasi-free propagation of the low-mass two—
particle system, the momentum dependence of the two-particle amplitude is determined

by the convolution of the reduced production amplitude
Tp(w;a) = /d4Xe_iPXT($17$2;Of) (7)

and the reduced Bethe-Salpeter amplitude ;/)5(_)(:1;), the latter depending only on the

relative four-coordinate = and the generalized relative four-momentum ¢. Using Eqs. (2)-
(5), we can write

where the correction to the plane wave is
ApSH 2y = Y e P2 iPe(14Py/P?) /2/d4 ““’“’fs(pl,pz; K, P — ) ©)
q 27T3z (K2 —=m2 +10)[(P — k)2 —ma? + i0]

In the two-particle c.m.s., where P = 0, § = {0, 2k*}, = {¢*,r*}, the amplitude ¢§(+)(:1;)
at t* = #; — 3 = 0 coincides with a stationary solution '}, (r*) of the scattering problem
having at large r* = |r*| the asymptotic form of a superposition of the plane and outgoing
spherical waves [15].

We see that one and the same production amplitude T (1, x2; o) or 7p(a; ), corre-
sponding to the space-time representation, enters into relations (4) and (5). The effect of
FSI manifests itself in the fact that the role of the functional basis, which the asymptotic

two-particle state is projected on, is transferred from the plane waves to Bethe-Salpeter
amplitudes W) (21, 25) or ;/)5(_)(:1;).

P1:P2
Eq. (5) is valid also for identical particles 1 and 2 provided the substitution of the
non-symmetrized Bethe-Salpeter amplitudes \I/S( )(:1;1, x4) by their properly symmetrized

combinations satisfying the requirements of quantum statistics:

\I}S(i) ($1, 1’2) — —[\I}S( )(1'1, 1’2) + ( 1)5\1152( pz ($1, 1’2)] (10)
In this case my = mq, § = ¢ and X = (a1 + 22)/2.
After substituting the representation (5) into Eq. (1), the double inclusive cross section

takes on the form
dfo

27)° —_—
B g,

=3 / Aty d*ey dtel dal pe(ar, wo; 2, :1;’2)\1151( pl(l'l, :1;2)\1151(;;*(:1;'1, )
S

- Z/d4:1; d*a’ pps(x;x );/)5(_)(:1;);/)5(_)*(:1;’), (11)

q

where the functions

pS(xlva; xllvxé) = ZT(Q?l,J}Q; Sv O/)T*(xllvxé; Sv O/)v

OZ/

prs(aia’) =) 7p(a; S, )Tp(as S, o) = (12)

OZ/



LiP(X—X' p2 P p1 P po P p1 P
/d4Xd4X/e P(X X)p (X—I_W?X_PQ X/‘I’W/X/ sz/)
represent elements of the unnormalized two-particle space-time density matrices.?
Switching off the FSI and QS effects, for example, by mixing particles from different

events with similar global characteristics, one can define the reference differential cross

section
d 4 4 4 1 1 1\ —ipr(z1 — 2 ) —ip2 (w2 —h)
(2m)° ’yl’ygw = Z/d zy ey dal A2l pg(ey, xe; 2, 2h)e 1 2
= Z/d4:1; dl491/",0ps(:Jc;:Jc')e_%’v(l’_l’/)/2 (13)
S
and rewrite Eq. (11) as
dbo _ d60'0 Zg ( )<\I/S( )(1‘ . )\I/S(_)*(x/ x/)>/
d*p1d3p, B d*p,1d3p, S S\PL P2 prop2\ T E2) B gy AT 20/ g
d SN S
= Foprops 2 Is(rra) (V37 @UE @) (19)

where we have introduced the quasi—averages of the bilinear products of the Bethe-
Salpeter amplitudes:

!
(WSC) (ay, )W) (), ) )

p1p2S

. fd4$1 d4$2 d*z /d4 IZpS(xhx?;x/l? ) pl,pQ(xlva) p1 P2 (xlv /2)

B Jdtay diey diah dtahpg(y, ag; 2, ah)emPrlmi=en) =i (ra=ry)

>, B [d*a d4:1;’,0p5(:1;;:1;’);/)g - (x)¢§(_)*(x’) 1)
aPs [ dta dia'pps(a; x/)e—z’?{(x—x')/z

and the statistical factors Gg representing the population probabilities of the pair spin-5

= (V77 @) (@)

q

states out of the region of the correlation effect:

4 4 4.1 4.1 vl Y a—ip1 (w1 =2 ) —ip2 (2o —T)
[ iy diay dal diahpg (@, wg; 2, ah)e Pr{Er—o) mipa (w2 —a3)

; ! ; !
¥ f diay dizy diaf diahpg(wy, wo; a), ah)ePrlE—en) —ivale2=rg)
S

gS(plvp?) =

fd4:1; d4x’,0p5(:1;; x/)e—i?{(x—x’)/z

= - ) 16
> [ dia dtapps(a; af e iae—e)? (16)
S
Note that for unpolarized particles with spins j; and j, one has:*
Gs = (2S+1)/[(2j1 + D22 +1)], D Gs=1. (17)
s

30n the assumption of an instantaneous emission in the two-particle c.m.s. ({7 = ¢3), the second
expression in Eq. (11) reduces to the ansatz used in Refs. [8, 12].

4Generally, the spin factors are sensitive to particle polarization. For example, if two spin-1/2 particles
are independently emitted with the polarizations Py and Ps, then Gy = (1 — Py - P3)/4 and G; =
3+ P, -Py)/4.



The same procedure can be also applied to describe the production of weakly bound

1~ atoms, in particular). Due

to a low binding energy, as compared with the energy transfers at the initial stage of the

two-particle systems, like deuterons or hadronic atoms (7

collision, there is practically no direct production of such bound systems. Their dominant
production mechanism is thus due to the particle interaction in the final state. The
invariant production amplitude Ty(py; S, ') of a spin-S bound system b = {1 + 2} is then
described by the lower diagram in Fig. 1 corresponding to the second term in the upper
diagram with the free two-particle final state substituted by the bound one. Therefore,
similar to Eq. (5), this amplitude is related to the Fourier transforms 7 or 7p of the
off-mass-shell two-particle amplitude Tp:

b7pb

Ty(pp; S, ') = /d4l‘1 d4$2\115(_)($17$2)7'($17$2;Sa o) = /d4$77/)5(_)($)7']3($;5, o) (18)

and the corresponding differential cross section - to the same two-particle space-time
density matrices pg or pps as enter into Eq. (11):

/d4:1;1 d*zqy d*al d*ahpg(zy, 29; 2], :1;’2)\115;;)(:1;1, xz)q/i;_)*(xll, )

= [ dted'epps(a; )0 () (@), (19)

Here \I}i;;)(l’l,{ﬁz) = [\I}i;-:)(l'l,l’z)]* = [eipr;/)f(—l_)(x)]* is the Bethe-Salpeter amplitude
for the bound system. At equal emission times in c.m.s. of the two particles, the ampli-
tude ¢5(+)(:1;), describing their relative motion, coincides with the usual non-relativistic
wave function in discrete spectrum 17 (r*). Similar to Eq. (14), one can also rewrite the

production cross section of the bound system through the reference spectrum in Eq. (13)
taken at p; = p2 = pp/2 and 31 =72 =, (i.e. ¢ =0):

oy 5 %o g P5e) e TIVEAN

Fp, = 2 0 g gan, O p) (V5 (o) 95, (0wt
_ (93,4000 S() (S (1) 20
= (2m) %mgs(}?lapz)<¢b ()b, (@ )>ops' (20)

We see that the production of a weakly bound system {142} is closely related with the
production of particles 1 and 2 in continuous spectrum at small relative energies in their
c.m.s. This relation was first formulated [16] in connection with the production of non-
relativistic deuterons and then generalized [17] to the relativistic case and the inclusive
production. Similar relation was obtained, in the limit of an instantaneous emission from
a point-like region, also for the case of the production of pure Coulomb hadronic atoms
[8]. A complete treatment of the production of weakly bound systems, accounting for the
finite-size effects, can be found in Ref. [9].

3 Approximate description of the 777~ production

Following Ref. [8], let us first neglect the 7T 7~ strong FSI and assume only two types of
pion sources: short-lived sources (e.g., p- or A-resonances) characterized by small sizes
or path lengths on a fm level, and long-lived sources (e.g., n, n’, Ks; or A) with very

7



large or macroscopic path lengths Since the relative space—time distance between the
emission points x enters in the 7¥7~ pure Coulomb amplitudes ;/) Jeoul(2) and ;/)é_)coul(x)

scaled by the Bohr radius of 387.5 fm, one can put in Eqs. (11) and (19) ;/)(g_)(x) ~
e~/ p(eonl(0)] = T [yeq (0)] and 7 (2) & iTM(0) = %/JEO“I(O) for the fraction
A of the pairs with both pions from short-lived sources, and ;/) Jeoul(g) ~ e7i%/2 and

;/;b Coul( )~ ;/;é )Coul(oo) = 0 for the remaining fraction (1 — A). As a result, Eqs. (11)
and (19) reduce to:

dbo dboq Lo
N cou 1 _ A 21
d3p1d3p2 d3p1d3 [ W) ( )| —I_( )]7 ( )
3o d3
FERAACAL IR e s Alz/)“’“l( )2, (22)

where o represents the production cross sectlon of the non—interacting pions and the
expression for the production of bound 7#*7~ system implies p; = py = py/2 and v =
Y2 = Y. The squares of the non-relativistic Coulomb wave functions at zero separation
are well known:

[S58(0)* = Au(n) = 2mn/[exp(2mn) —1], n = (k"a)™", (23)

U O0) = d(rlaln?) . 21)
= —387.5 fm is the Bohr radius accounting for the opposite signs
of the pion charges. The Coulomb penetration factor A.(n) (sometimes called Gamow
factor) enhances the production of 7*7~ pairs at small Q = 2k* as 47/(|a|Q) and at large
() approaches unity as 1 + 27/(|a|@). As for the bound 7t7~ pairs b = {nl}, at zero
separation they are produced only in the s-wave states {n0} and the fractions with given

Here ¢ = —(pe?)™!

main quantum numbers n are uniquely fixed by the n™* law in Eq. (24).

The numbers N4 and NY of produced and breakup 77~ atoms can then be calculated
in two steps [8]. First, one constructs the uncorrelated two-pion spectrum by mixing
pions from different events and determines the overall normalization parameter g and the
fraction A or A = Ag by fitting the theoretical spectrum

d°N SN
dp1d®p; - gd3p1d3p2

[AAc(n) + (1 =) (25)

to the spectrum of the true pion pairs; to get rid of the pairs from the breakup of the
t7~ atoms in the target, the fit should be done in the region >~ 3 MeV/c. In the
second step, one can use the fitted parameter A = Ag to calculate the numbers of the
produced atoms in given states b = {n0} as
dSN dSNmm’ Cou

where p; = py = py/2. As for the number of breakup atoms, it is simply obtained by
subtracting the fitted spectrum in Eq. (25) from the measured one.

Let us now consider the modification of Eqs. (25) and (26) due to the strong FSI and
finite space-time separation of the particle sources. Formally one can write

N dSNgT
d3p1d®p; B gd3p1d3p2

{4 6k Ac(n) + (1 = M)}, (27)



dSN ) 5 dSNmm’ coul
Ty (2m) %WAO + 6) |52 (0) ], (28)

where the correction factors are determined by the averaging of the bilinear products of
the reduced Bethe—-Salpeter amplitudes over the distribution of the relative space-time
separations of the short-lived sources:?

L+ 60c7) = (6O @)l (@) A, (29)

q

148, = (@) e (o). (30)

The averaging is defined in Eq. (15) with the reduced space—time density matrix substi-
tuted by its SLS part p3°. In fact, it can be argued [11, 12] that

5, = 5(0) (31)

provided the characteristic separation of the pion SLS is much less than the two—pion Bohr
radius |a|. This result immediately follows from the well known Migdal’s argument [16].
Namely, since the particles in continuous spectrum at zero kinetic energy and in discrete
spectrum at very small binding energy x?/(2u) — 0 are described by practically the same
wave equations, the r*~dependence of the corresponding wave functions at a given orbital
angular momentum should be the same for the distances r* < ™! (i.e. r* < nlal| in the
case of a hadronic atom with the main quantum number n). We show in sections 5.3 and 7
that Eq. (31) is subject to a normalization correction O(fy/a) ~ 0.3%/n and other small
corrections 4%0(1{5( “)?/a) and O(a™?), where kj = 35.5 MeV/c is the momentum
in the channel g = {7T 7%} at the threshold transition to the channel o = {xTn~},

e = \/2(a2 — al)/3 ~ —0.2 fm is the transition amplitude. Taking the normalization
correction explicitly into account (see Eq. (96)):

145, = <1+5;>{1+¢< 2o (1)) - oo ((f) )} (3

where ¢(n) ~ 3 is defined in Eq. (80), one can rewrite the approximate equality in Eq. (31)
as

5, = 8(0) + 470 (K5(f")* /) + O(a™?). (33)

In the following, we perform an analytical and numerical study of the corrections 4,
and d(k*). Here we only mention that the condition r* < nla| can be violated for pion
pairs containing pions from the decays of some resonances such as w and 1’ with the
path lengths of about 30 and 900 fm respectively. The corresponding exponential tails
are clearly seen in Fig. 2, where the r*-distribution simulated with the UrQMD transport
code [18] is shown for pion pairs produced in p/Ni interactions at 24 GeV in the conditions

of the DIRAC experiment at CERN [19].

®We put approximate equalities in Eqs. (29) and (30) since they account only for the elastic transition
a — « and ignore a small contribution of the inelastic one 3 — «a, where a = {zt77}, 8 = {7%7°}; see
section 7 for the complete treatment.



4 Space-time coherence, smoothness assumption and
equal-time approximation

4.1 Non-interacting non-identical particles

To clarify the meaning of the two-particle space-time density matrix pg(x1, x2; 2, %), let
us first neglect the FSI effect and substitute the Bethe-Salpeter amplitudes by the plane
waves. Changing in Eq. (11) the integration variables: x;, #} — &, = %(J}Z—I-l';), € =, —1,
we can then rewrite the production cross section of two non-identical particles as

d60'0

(2m)° %WW = Z/d4§?1 d'z,Gs (21, p1; T2y p2) = Z/d4j;gPS(£vq)v (34)
S S

where = z; — 7 and the real functions

R . € € @
Gs(T1,pi3T1,p2) = /d461 diegemmea=imep (p 4 Lopy 4 Zog oD g, 2,
27 2 2 2
pa P _ P
grs(7;q) /d4XG5(X—|— P T,p1; X — p]13 T, p2) /d4ee qu/zpps(l’—l—§ T— 2) (35)

The function G'g, usually called emission function, being a partial Fourier transform of the
space-time density matrix, is closely related to the Wigner density, the latter collecting
all contributions due to free streaming of the emitted particles to given space-time points
through an integral over the emission function (see Eq. (49) in Ref. [20]).

It is clear from Eqgs. (34) and (35) that more narrow is the width of the diagonal
of the space-time density matrix (the width of the ¢-distribution), more wide is the
distribution of particle four-momenta. In particular, the diagonal space-time density
matrix would yield the uniform four-momentum distribution, in correspondence with the
infinite uncertainty in the four-momenta of the particles localized at certain space-time
points.

Consider as an example the particle emission by independent one-particle sources of
various types A according to the one-particle production amplitudes (see also [21])

(X1 - XA)2 (51?01 - $0A)2] ( XA2 51?0A2)

7’A(1)($1;$A) ~ eXp[— QTAQ - 2

(36)

274 4rg?2 472

These amplitudes correspond to the sources at rest with a Gaussian distribution of the
emission points x; = {{1,r;} around the source centers x4 = {{4,r4}, also distributed
according to a Gaussian law. Assuming further that the sources are sufficiently heavy,
we can describe them classically. The four—coordinates of the source centers x4 can then
be considered as a part of the quantum numbers o', the sum in Eq. (12) containing the
integration over x 4. Performing this integration, we get for the elements of the one-particle
space-time density matrix related to a source A:

€’ €o1? ) %2 Tor? )

2ro2 +ra? 212 4 742

(1)
Pa (xlvxll) ~ eXP(_4TA2 - 4TA2 (37)

and for the corresponding emission function:

S 2 = 2
X1 Zo1

)- (38)

(1), = 2.2 2.2
GA (xlvp) ~ eXp(_rA P —74 Po )exp(_2T02 n TA2 - 27_02 n TA2
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We may see that the source space-time dimensions r4 and 74 determine both the space-
time coherence of particle production (the non-diagonality of the space-time density ma-
trix) and the distribution of particle four-momenta. In particular case of the sources of a
vanishing space-time extent: r4 = 74 = 0 (no coherence) any particle four-momenta are
equally probable.

Note that for a source moving with a non-relativistic velocity 8, and emitting a
particle 1 with the mean three-momentum ps = mi8,, Eqs. (36) and (37) acquire
phase factors e’P4X1 and eP4€1 respectively and the substitution p — p — p4 has to be
done in Eq. (38). If the pa—distribution decouples from the distribution of other source
characteristics in a Gaussian form of a width A, we still arrive at Eqgs. (37), (38), up to
a substitution r4? — r4?/[2(raAg)* + 1] in the first factor, corresponding to a widening
of the momentum distribution due to the dispersion of the source velocities.

As for the actual values of the parameters r4 and 74, we can estimate them using
the information about particle transverse momenta which are much less influenced by the
motion of the sources than the longitudinal ones. Doing this for pions or kaons, we should
however exclude the low—p; region which is dominantly populated by the decays of low-
lying resonances. We can also use the p;—distributions of these resonances. In both cases
the p,>—slopes are of ~3 (GeV/c)7? (see, e.g., [22]), yielding on average r4*+74* ~ 0.1 fm?.
It is important that the estimated value of r4? 4+ 742 appears to be much smaller than the
effective values of the parameters r4? and 732, measured with the help of the correlations of
identical particles (so called particle interferometry or correlation femtoscopy; see section
4.2 and also the reviews [23]-[28]). The latter being of about 1 fm? for hadron-hadron
interactions and of several tens fm? for the collisions involving heavy nuclei.

4.2 Non-interacting identical particles
4.2.1 Correlation function

Consider the production of non-interacting identical particles. Now we have to substitute
the Bethe-Salpeter amplitude by a properly symmetrized combination of the plane waves
(see Eq. (10)). As a result of the interference of these waves, there appears the additional
term, not present in Eq. (34):

dfo
(27T)6’71’72 FE

N Z/d4if?1 d*Z4[Gs(Z1, p1; Ta, p2) + Gs(Z1, p; T2, p)(—1)° cos(qT)]
p1d®p2 S

=5 [ d*algps(z. )+ grs(e,0)(—1)* cos(gz)]. (39)

Note that the off-mass-shell four-momentum p = (p; + p2)/2 enters as an argument of
the emission function in the interference term.

It is convenient to define the correlation function R(pi,p2) as a ratio of the double
inclusive cross section d®c to the reference one d®cy which would be observed in the case
of absent effects of quantum statistics and FSI:®

d60(p17p2)
(p17p2) d60-0(p17p2) ( 0)

In the high energy collisions involving nuclei, we can neglect the kinematic constraints as well as
rather weak dynamical correlations and construct the reference distribution using the particles from
different events.
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In case of a negligible FSI, there is no correlation for non-identical particles: R(p1,p2) = 1,
while for identical particles the correlation arises due to the interference effect:

%: f d4jjl d4i’2Gs(i’1,p; j;%p)(—l)s COS(qi‘)

R(pi.p2) = 1+ T d17,Gs(T v
(1, p2) [ ey Ay Gis(an, prs v2). py

= 1—|-ZS: QS(_l)S <Cos(q‘%)>glp25

%:fd4j}gps(j},0)(—1)s cos(qx)

=1+ — =14 Gs(—1)° (cos(qz))ne 41
%:fd4$gps(:1:,q) ZS: s(=1)7 (cos(q )>qPS (41)

where the quasi—averages satisfy the equalities
<COS(C]@)>glp25 = §R<eip1(xl_xé)+ip2(x2_xll)>;1p25 = <COS(C]5/’)>;/PS = §R<eiq(x+x/)/2>éps§ (42)

the factors Ggs represent the population probabilities of the pair spin-S states out of the
region of the correlation effect. They are defined in Eq. (16) and can be expressed through
the emission functions as:

Jdtay dteoGs (@, pryaa,p2) [ dlzgps(a,q) d Gs=1

= , 43
Yos fdtry d4$2Gs($17P1;$27P2) Zsfd4$gPs($7Q) S ( )

gS(plvp?) =

They can be also considered as the initial (QS switched off) statistical factors. For initially
unpolarized spin—j particles: Y4 Gs(—1)" = (=1)%/(27 + 1).

Assuming, for example, that for a (generally momentum dependent) fraction A of
the pairs the particles are emitted by independent one-particle sources described by the
Gaussian amplitude (36), while for the remaining fraction (1 — X), related to very long—
lived sources (1, n’, K9, A, ...), the relative distances r* between the emission points in
the pair c.m.s. are extremely large, the correlation function

R(plapz) =1+ )\ZQS(—USGXP(—TOQQZ - Tozqg)- (44)
s

We see that a characteristic feature of the correlation function of identical particles is the
presence of an interference maximum or minimum at small |q|, changing to a horizontal
plateau at sufficiently large |ql, large compared with the inverse characteristic space-time
distance between the particle emission points.

4.2.2 Directional and velocity dependence

One can see from Eq. (44) that, due to the relation ¢y = vq = vqz, the correlation function
at vTy > ro substantially depends on the direction of the vector q even in the considered
case of spherically symmetric spatial form of the production region. Thus the transverse
(q L v) and longitudinal (q || v) interferometry radii are r¢ = ro and r, = (r2 + v272)'/?
respectively.

In principle, the directional and velocity dependence of the correlation function allows
to determine the characteristic emission time and the form of the production region [23]
and reveal the details of the production dynamics (such as collective flows; see, e.g.
[29, 30]). For this, the correlation function is often analyzed in terms of the out (x), side
(v) and longitudinal (z) components of the relative momentum vector q = {q., ¢y, -}

12



Here the out and side denote the transverse, with respect to the reaction (event) axis,
components of the vector q, the out direction is parallel to the transverse component of
the pair velocity vector.

It should be noted that particle correlations at high energies usually measure only a
small part of the space-time emission volume, being only slightly sensitive to its increase
related to the fast longitudinal motion of the particle sources. In fact, due to limited
source decay momenta p(® of a few hundred MeV /c, the correlated particles with nearby
velocities are emitted by almost comoving sources and so - at nearby space—time points.
In other words, the maximal contribution of the relative motion to the interferometry
radii in the two—particle c.m.s. is limited by the moderate source decay length 7p®® /m.
The dynamical examples are sources-resonances, color strings or hydrodynamic expansion.
To substantially eliminate the effect of the longitudinal motion, the correlations can be
analyzed in terms of the invariant variable Q = 2k* = (—¢%)"/? and the components of
the three—-momentum difference in pair c.m.s. (q* = Q = 2k*) or in the longitudinally
comoving system (LCMS). In LCMS, each pair is emitted transverse to the reaction axis
so that the generalized relative four-momentum q coincides with q* except for the out-
component ¢, = v:q;, where 7; is the LCMS Lorentz factor of the pair. For example,
in the case of one—dimensional boost invariant expansion, the longitudinal interferometry
radius in the longitudinally comoving system reads [30] . = (1'/m;)"/?r, where T is the
freezeout temperature, 7 is the proper freezeout time and m; is the transverse particle
mass.

Clearly, the complicated dynamics of particle production requires a detailed study of
the directional and momentum dependence of the correlation functions. Moreover, the
usual Gaussian parametrization of the relative distances between the emission points may
happen to be insufficient. Particularly, it can lead to inconsistencies in the treatment of
QS and FSI effects, the latter being more sensitive to the tail of the distribution of the
relative distances. These problems can be at least partially overcome with the help of
transport code simulations accounting for the dynamical evolution of the emission process
and providing the phase space information required to calculate the QS and FSI effects
on the correlation function.

4.2.3 Smoothness assumption

In the simple model of only one type of the sources contributing to the observable inter-
ference effect and in the absence of the relative source motion, the width of the low—|q|
structure is solely determined by the characteristic space-time distance between the one-
particle sources and does not depend on the parameters r4 and 74, characterizing the
space-time extent of the sources themselves - see Eq. (44). It means that the enlargement
of the production region related to the latter (ro? — 1o + %TAQ, 02 = 1% + %TAQ) is
compensated in the correlation function due to the different momentum arguments of the
emission functions in the numerator and denominator of Eq. (41).7

Generally, the particles are emitted by moving sources of different types and the cor-
relation function depends also on their space—time extent. Particularly, for a Gaussian

"This is clearly seen when calculating the correlation function directly from Eq. (1), substituting
the production amplitude T'(p1, pa; ) by the symmetrized product of the Kopylov—Podgoretsky one-
particle amplitudes in momentum representation (given by the inverse Fourier transform of Eq. (36)):

Tjgl)(p, x4) = u(p,24)e’?"4  where u(p, x4) is a universal one—particle amplitude.
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distribution of the mean emission three-momentum p4 of a width Ag, Eq. (44) is modi-
fied by the substitution [21] ro? — ro® +r4%/[2 4+ (ralo)~?]. Usually, the effect of a finite
space—time extent of the one—particle sources is negligible:

ral)2 < re?, TA%)2 € 1k (45)

Note that these conditions guarantee sufficiently smooth four—-momentum dependence of
the emission function Gg(@1, p1; @2, p2), such that we can neglect its dependence on the
four-momentum difference ¢ in the region of the interference effect characterized by the
inverse space-time distance between the particle production points. On this, so called
smoothness assumption, Eq. (41) reduces to:

R(p1,p2) =1+ ;(—1)59%008(%)%1)57 (46)

where

S &by daaGs(wy, pri e, pa) cos(qr) [ dagps(w, ) cos(qx)
Jdtay dtayGs (e, pr; 2, p2) Jdtzgps(z, q)

and the spin factors Gg are defined in Egs. (16) and (43).

Eq. (46) is valid up to a correction representing a fraction of (ra?+v?74%)/(ro? +v?79?).
This correction is less than a few percent for high energy hadron—hadron collisions and

(cos(qz))gps = (47)

less than a few per mil for those involving heavy nuclei. Note that Eq. (47) is often used
to calculate the correlation functions of non-interacting identical particles with the help

of various classical transport codes (like RQMD, VENUS or UrQMD) [18] - the emission

points are identified with the points of the last collisions or the resonance decays.

4.3 Interacting particles

It is clear that the smoothness condition allows one to express the production cross section
through the emission function Gg(xy, p1; a2, p2) also in the case of interacting particles.
Thus, separating the two-particle c.m.s. motion in the phase factor exp[i P(X — X')] =
expli(pr — G/2)er + i(p2 + G/2)e2] and using the smoothness condition to neglect here ¢
compared with p; » ® and substitute, in the amplitudes ¢§(+)(:1;), the relative coordinates
r =2+ (61 —€)/2 and 2’ = & — (&g — €2)/2 by their mean value z, we can rewrite Eq. (11)
in a simple approximate form:

dfo

27)° —_
2T G o,

= Z/d4x1 d4:1?2Gs(51?17p1;$27P2)|¢§(+)($)|2
S

= Z/d4$9PS($767)|¢§(+)($)|2
5

d%a,
2 e g g 2 Os (07 T @) P)gess (48)
S

where d®cy is the production cross section of the non-interacting particles introduced in
Eq. (34). The averaging (...);ps and the initial spin factors Gs are defined in Eqs. (47)

8The account of § in the phase factor would lead to the substitution of the particle four-momenta in
the emission function by their mean (off-mass-shell) values: p; = Pm;/(m1 + ma).
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and (43). The correlation function defined as a ratio d60/d600 then takes on the form:

R(p1, p2) ng |¢~ z)[*zps- (49)

Recall that for identical particles the Bethe-Salpeter amplitudes ¢§(+)(:1;) should be sym-

metrized according to Eq. (10).

Note that for non-identical particles, one also arrives at Eqs. (48) and (49) using
the approximate ansatz \I/pl( pg(:zjl, Ty) = e (plq"'pm)\l/s( )(:1;1 Z3) which becomes exact in
the absence of FSI. For identical particles, this ansatz applied to the non-symmetrized

amplitudes U5 leads to the correlation function (see also Eqgs. (58) and (60) in Ref. [20])
R(prp2) = 305 (1670 @) Phors + (D RETO @IS @ps] . (50)

where ;/) is the reduced non-symmetrized Bethe-Salpeter amplitude (;Ef("')(:z;) = ¢'7%/2 for
non-interacting particles). Clearly, the smoothness condition allows one to put (...)/ps =
(...)gps and thus recover Eq. (49).

Similar to the case of non-interacting particles, the relative correction to the approx-
imations in Eqs. (48)-(50) is determined by the ratio (ra? + v?74?)/(ro® + v?7?) - a
measure of the non-diagonality of the space-time density matrix. For identical particles,
the correction arises mainly from the symmetrization effect and, according to previous
subsection, it is expected less than a few per mil for the processes involving heavy nuclei.
For non—identical particles, the correction is usually substantially smaller, being scaled
by the relative finite-size contribution of the strong and Coulomb FSI.?

Proceeding in a similar way with the production cross section of a bound two-particle
system, we arrive, on the same conditions as in the case of continuous spectrum, at the
approximate form:

3 d’c) - 4 4 . S(+) 2
(2m) %d?’pb = d*xy d o Gs(wy, prsea, pa) |y, ()]
= /d4$gPs($70)|¢5(+)($)|2
6o,
= (2 g 2G5 (45 ) s (51)

where p; = pym;/(m1 + ma2).

We will show that for two oppositely charged particles, the x—dependence of the Bethe-
Salpeter amplitudes in continuous and discrete spectrum is practically the same at c.m.s.
separations r* much smaller than the Bohr radius |a|. Therefore, the corrections to
Eqgs. (48) and (51) (arising due to the use of the smoothness assumption in their derivation
from Eqs. (11) and (19) respectively) practically cancel out in the ratio of the numbers
of pairs produced in continuous and discrete spectrum provided (r*)*"* < |al.

4.4 Equal-time approximation

For non-interacting particles, the non-symmetrized Bethe-Salpeter amplitude ;/)é:l_)(:z;) =

e~ is independent of the relative emission time ¢* in c.m.s. of the pair. On the

In case of |f*| < 7* < |a|, we are interested in, the corresponding strong and Coulomb FSI contri-
butions are of 2f° /7* and 2r* /a respectively (see next section).
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contrary, the amplitude of two interacting particles contains an explicit dependence on t*
- the interaction effect vanishes at [t*| — oo. However, it can be shown [10] (see Appendix
A) that the effect of non-equal times can be neglected on condition

1] < m(t")r?, (52)

where m(t* > 0) = mq and m(t* < 0) = my. On this condition we can use the approxima-
tion of equal emission times of the two particles in their c.m.s (¢* = 0) and substitute the
Bethe-Salpeter amplitude by the usual non-relativistic two-particle wave function. The
applicability condition (52) of the equal-time approximation is usually satisfied for heavy
particles like kaons or nucleons. But even for pions this approximation merely leads to a
slight overestimation (typically less than a few percent) of the strong FSI contribution to
the production cross section [10]. To demonstrate this, we use the simple static Gaussian
model of independent one-particle sources described by the amplitude (36). Recall, how-
ever, that in high energy collisions, such a model is relevant for a limited rapidity region
only. It means that the pair velocity v in the rest frame of the sources is related to the
measured velocity rather indirectly.'® In this model, the applicability condition (52) of
the equal-time approximation can be roughly written in the form [10]:

T0 K /,L’yro(ro2 + U2T02)1/2. (53)

For 79 <~ 1o this condition requires sufficiently small Compton wave lengths of the
particles in the source rest frame: 1/w; < rg, while for large characteristic emission times,
7o > ro/v, it requires small de Broglie wave lengths: 1/p; < rg. Clearly, this condition is
not satisfied for very slow particles emitted by the sources of a long lifetime. The increasing
importance of the non-equal time effect with the decreasing pair velocity and increasing
lifetime of the sources is demonstrated in Figs. 3 and 4 for the FSI contribution in the
797Y correlation function. For sufficiently large velocities v > 0.5 and radii ro > 1 fm, we
are interested in, the effect is rather small, not exceeding 5% of the FSI contribution in
the low-k* region, corresponding to the effect of a few per mil in the correlation function.

As for the effect of non-equal times on the Coulomb FSI it doesn’t influence the
leading zero—distance (r* = 0) part and, the effect of the subleading part (expected on a
similar percent level as in the case of the strong FSI) can be neglected when scaled by
its contribution ~ r*/a. It concerns also the case of hadronic atoms since the subleading
part is the same as in the continuous spectrum at £* = 0.

Adopting the equal-time approximation (with the accuracy of a few per mil), we
can rewrite Eqs. (48) and (51) for the production cross sections of particles 1 and 2 in
continuous and discrete spectrum at low relative or binding energies as follows:

dbo N d60'0 Zg <|¢S (I'*)|2>~ (54)
72 d3p,d3p, = N2 d3p,d3p, S SAW g 7PS>
dl30g;9 ] 3 dbeoy S, w2
Vo d3pb = (27T) Y172 d3p1d3p2 gS<|77Z)b (T )| >0PS7 (55)

where b = {n0} and p; = ppm;/(m1+mz) in Eq. (55); for equal-mass particles p; = p2 =
pPy/2 and v = 2 = .

10We can roughly estimate (v) from the distribution of particle transverse momenta. Taking for pions
the p? -slope of ~ 6 (GeV/c)=% (now we have to account for lower p,-values due to indirect pions) and
using (v?) & (3p2 /(3p% + m12?)), we get (v) ~ 0.8.
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Particularly, for 77~ production, one can rewrite the correction factors in Eqs. (29)

and (30) as o
L+ 8(7) = (Joae (7)), [Acln). (56)

146 = (Jno(r)P). /g (o) (57)

5 Wave functions

5.1 Continuous spectrum
5.1.1 Short-range FSI

Let us start with the case when at least one of the two particles is neutral and their FSI
is due to the short-range forces only. In the considered region of small £* the short-range
particle interaction is dominated by s-waves. Since the radius of the s-wave interaction is
usually small compared with the distance r* between the production points of particles 1
and 2 in their c.m.s., the FSI effect is mainly determined by the asymptotic behavior of
the scattered wave outside the region of the strong interaction r* > d:

Apger (1) = f(E")e™ " /1. (58)

The s-wave amplitude f depends on the magnitude of the vector k* only. Assuming the
absence of inelastic transitions, it satisfies the one-channel s-wave unitarity condition
Sf = k*|f]? or, equivalently Sf~! = —k*, and so can be represented as

F = [exp(2ido) — 1)/(2ik) = (K~* — ik*)™", (59)

where &g is the s—wave phase shift and K~! = k* cot & is a real function of k*. Usually
(for potentials vanishing with the distance exponentially or faster), this function is real
also for negative kinetic energies k**/(2u), so that its expansion can contain only even
powers of k* [15]. Retaining near threshold only the first two terms in the expansion, one
can express the function K !
length fy and effective range dy or curvature by:

or K through the corresponding two parameters: scattering

s — . 1 E3 e * .
]X ! — 1/f0 —|— §d0k 2, ]X — fo —|— bok 2, bo - —dof02/2. (60)
The expansion of K~ is superior for two—nucleon systems (due to large scattering lengths,
amounting to about 20 fm in the singlet case) while for other systems, the K—expansion
is often preferred. To extend the latter to a wider energy range, it is usually written in a
relativistic form and additional parameters are added. For example [6]:

2 S — S0 o :
K=-""""N " Aa% 2=2k"/\/s 61
N ]2 ¥ /3, (61)
where s = (p; + p2)? = (Wi + w3)?, Wiy = (m%2 + k*2)1/2 and sg, = (my + ma)® The
parameter sg takes into account the eventual resonance, specifying the value of the two—
particle c.m.s. energy squared where the phase do(k*) passes through 90°.'*

HThe actual k*-dependence of the K-function is however not important since we are interested in the
near-threshold region and, have already neglected the p-wave correction @(k*2a;/r*) in Eq. (58); here a;
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Table 1: The pair Bohr radius including the sign of the interaction, a = (uz;22¢*)7!,
and the characteristic width of the Coulomb correlation effect, Q. = 2k* = 4w /|a|, corre-
sponding to |n|™' = 27 (see Eq. (23) and the first panel in Fig. 5).

Pair et | ot K* mtp | KTKE | K*p | ppt
a, fm +387.5 | £248.6 | £222.5 | £109.6 | £83.6 | £57.6
Qe MeV/c 6.4 10.0 11.1 22.6 29.7 43.0

Note that the extension of the asymptotic wave function in the inner region leads to

a relative shift in the production cross section of the order |f|?z3-Re(1/f)/(r*)? [10, 31].

The leading part of this shift can be, in principle, corrected for (see section 7.3). However,
being quadratic in the amplitude f, it is rather small for 77—, m K- or mp—systems - usually

not exceeding several percent of the short—range FSI contribution.

5.1.2 Account of the Coulomb FSI

Similar to the case of neutral particles, we will approximate (with the same accuracy) the
wave function of two charged particles near threshold by the asymptotic solution outside
the region of the strong interaction r* > d. It is well known that the long—range Coulomb
interaction modifies both the plane and spherical waves [15]:

o) = AL e Fin i) + 00 D22 (62)

where £ = k*r* + k*r* = p(1 + cos0%), p = k*r*, n = (k*a)™', a = (uz122¢*)7" is the
two-particle Bohr radius including the sign of the interaction, é, = argl'(1 + in) is the
Coulomb s-wave phase shift, A.(n) is the Coulomb penetration factor defined in Eq. (23),

Fla,1,2) =1+ az/1* + ala+ 1)22 /202 + - .. (63)

is the confluent hypergeometric function and G = VA(Go 4 1Fp) is a combination of the
regular (Fy) and singular (Gg) s—wave Coulomb functions (see, e.g., [32]):

Gp,n) = Plp,n) + 2np [In 2np[ + 2C — 1 + x(n)] B(p, 7). (64)
Here €' = 0.5772 is the Euler constant, the functions
Blp,n) = X Bs, Bo=1, Bi=unp, By=(np)*/3—p"/6, ...,
5=0

P(p,n) = > P, Po=1, PL=0, P,=-3(np)*—p*/2, ... (65)

s=0

is a p-wave scattering length. For 77~ system, a; ~ 0.1 fm®, fy ~ 0.2 fm, dy &~ —10 fm and the relative
p-wave contribution to the k*? term due to the short-range FSI composes in the production cross section
~ ay/(a1—do fo?/2—fo3/3) ~ 30%; the relative contribution of the k** term ~ (a1—do fo?/2—f0>/3)k*?/ fo
being less than 1% of the total short-range FSI contribution for @ = 2k* < 30 MeV /c.
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are given by the following recurrence relations:!?

(n+1)(n+2)Bup = 2pB, —p* By,

nin+ )Py = 2npP, —p*P,_1 — (2n 4+ 1)2npB, (66)

and the function
x(n) = h(n) +iAc(n)/(2n), (67)
where the function k() is expressed through the digamma function ¢(z) = I'(z)/I'(2):*?
hn) = [¥(in) + &(=in) — In(n*)]/2. (68)

The amplitude f.(k*) = f(k*)/A.(n), where f(k*) is the amplitude of the low-energy
s-wave elastic scattering due to the short-range interaction renormalized by the long—
range Coulomb forces. Assuming again the absence of inelastic transitions, the amplitude
f(k*) = (¥ —1)/(2ik*) and satisfies the one-channel s-wave unitarity condition. Similar
to the case of neutral particles, one then has [15]:

1) = (K-l - QX—“”) - (69)

a

where the function K is real for real kinetic energies, including negative ones (provided
the short—range potential vanishes with the distance exponentially or faster), and can be
parametrized according to Eqs. (60) or (61).

Note that 6, — 0, A, — 1 for n — 0 (k* > |a|™") and G — e, F — 1 for
np = r*/a — 0. So, the two-particle wave function in the absence of the long-range
Coulomb forces is recovered provided r*, f, and 1/k* are much smaller than the Bohr
radius |al.

In Fig. 5, we plot A.(n) and x(n) as functions of the variable |n|~' = |ak*|. For
the system of two charged pions, this variable approximately corresponds to () = 2&* in
MeV/c. One may see that, at & — 0, the Coulomb penetration factor A.(n) respectively
tends to 0 and oo for like and unlike particle charges. With the increasing k*, this factor
slowly approaches unity: A.(n) ~ 1 — mn for k* > 27 /|a|]. Note that the quadratic
behavior of Rx(n) = h(n) ~ n~2/12 at |n|~' < 1 is changed by a steep quasi-linear rise
in the interval 1 < |p|=' < 5; the corresponding slope being about 0.26. As for Sx(n) =
Ac(n)/(2n), at k* = 0 it equals to 0 and —m for like and unlike charges respectively, and,
for k* > 27 /|a|, it approaches the linear k*~dependence: Sx(n) ~ (™! — 7)/2.

5.1.3 The small- and large-r* limits

Since we are interested in the region of small relative distances r* compared with the
Bohr radius |a| and small relative momenta () = 2k* compared with 1/r*, it is useful to
write the first terms in the expansion of the hypergeometric functions F' and G in r*/a
and p = k*r*. We have (z = cos 0*):
S r ip P’ 2 2 e
P=in, 1i§) =1+ (1 4 2) [1 + L0+ 0) - E( 42 + 00 )] +o (L),

- 2

2 * * *
r r r
Glpom) =1 4o [m 2|20 — 1+ x(n)] (AN POTPRIN, ((—)2) . (70)
2 a a 6 a
12Note that B(n, p) = Fo/(pV/Ac) — sin(p)/p and P(n, p) — cos(p) in the limit np = r*/a — 0.
3For || < 0.3 the function h(n) = 1.2p? —In |n| — C, while at large || this function can be represented
by a truncated series in inverse powers of n%: h(n) = n=2/124+n=*/120+ - - -.
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Since for the systems of interest (7w, 7K, 7p), |fo|> < |fodo| <~ m."% < r** one
can neglect the ()J—dependence of the scattering amplitude and, after the averaging over

the uniform z-distribution,'* write the correlation function at a fixed separation r*

Rk %) = ([¢-ke (r7) %) as

Ac(n) <|F|2 + 2R (ekpéé) Lo ((f_g)z)>
2r*

= A.n ){1+2—+2f +2@[1+2<

R(E™;r™)

14 h(n ))]
~ (3’;—*+§f—3)+0(<f°>)+0(<;>)+o<p‘*>}' (7

In Figs. 6, 7 and 8, we show the )—dependence of the functions B(p,n), P(p,n), é(,o, n)
and the reduced correlation function R/A. as well as the corresponding main contributions
due to the interference term and the modulus squared of the hypergeometric function for
the 777~ system at r* = 5, 15, 50 fm. One may see that the almost universal quasilinear
decrease of R/A. for r* <~ 20 fm is due to the interference term, and that it is changed,
for higher r*—values, by a steep rise due to the |F'|*-term. From the results of table 2 one
can conclude that the linear fits of R/A, recover the intercept better than to 2 per mil
for r* <~ 20 fm and - better than to 2 percent even for r* = 50 fm.

To clarify the origin of the quasilinear behavior of the reduced correlation function
R/A., one can use Eq. (71) to estimate the slope at small Q:

R, d /R Lr 2f0\ .
(1) = dQ( ) f0d| i (i———l——r—*)r Q, (72)

where the sign + (—) corresponds to the Coulomb repulsion (attraction). Using the fact
that dh/d|n|™' & 0.26 for 1 < ||~ < 5, one has (R/A.) ~ —(0.61 + bQ) (GeV/c)™! for
the 7tr~—system at 1 < Q < 5 MeV/c, where b = 0.019, 0.035 and -0.72 (MeV/c)™*

r* =5, 15 and 50 fm respectively. For @) > 5 MeV /¢, the absolute value of the slope due
to the h-function decreases as ~ 2.35|n|. It appears, that for r* <~ 20 fm, this decrease
is approximately compensated by the ()~dependence of the functions B, P and F, so that
(R/A.) ~ —0.5 (GeV/c)™! up to Q = 50 MeV/c.

Note that, at &€ > 1 + n?,

2
Ac(n) F(—in, 1,i€) — (1 - z%) ei(=dctning) | gei((?c-l-é—nlné) (73)

and, at p > 1+ n?,

Gp,n) — 1/ Au(n)e!Cctomninze), (74)

so that both the effects of the Coulomb and strong FSI vanish in the cross section as r*~2.

In fact, the asymptotic expression for the F-function in Eq. (73) is not valid in the case
of nearly opposite directions of the vectors k* and r* (cos#* ~ —1) when the variable
£ = p(1 + cos 0*) is suppressed even at large p = k*r*. This leads, after averaging over
the angles, to a slower vanishing of the Coulomb effect, as ¥*~!, in agreement with the
classical Jacobian factor [1 —2/(ar*k*)|V/? & 1 — (ar*k*?)~!

14Tn case of an anisotropic r*—distribution, this implies the integration over the direction of the vector
k* = Q/2, distributed isotropically for uncorrelated particles at ¢ — 0.
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Table 2: Results of the linear fits of the reduced 7t7~ correlation function: R/A. =
co + 1@ in different intervals 0 < ) < Qmax. The function R/A. is calculated at r* = 5,
15 and 50 fm in the approximation of a constant scattering amplitude f.(k*) = fo = 0.232
fm and, assuming the uniform distribution of the cosine of the angle between the vectors
r* and k* = Q/2. Also shown are the corresponding values of R/A, at @ = 0 (the

intercepts).

r*, fm | Intercept | Qmax, MeV/c | 10 20 30 40 50
5 1.077 Co 1.077 | 1.077 | 1.077 | 1.077 | 1.078
c1, (GeV/e)™ | -0.55 | -0.47 | -0.48 | -0.52 | -0.57
15 0.961 Co 0.961 | 0.961 | 0.961 | 0.960 | 0.959
c1, (GeV/e)™ | -0.59 | -0.56 | -0.55 | -0.51 | -0.42
50 0.783 Co 0.778 | 0.768 | 0.766 | 0.773 | 0.783
e, (GeV/e)™ | 255 | 4.61 | 4.99 | 4.38 | 3.69

5.2 Discrete spectrum

Since the Schrodinger equation at a small negative energy —e, = —k?/(2u) practically
coincides with that in continuous spectrum at zero energy, the r*-dependence of the
corresponding wave functions at given orbital angular momentum [/ and ™ < &~}
the same." In fact, both solutions (at positive and negative energies) can be written in
the same form for any r*, up to an energy dependent normalization factor /. Outside
the region of the short-range interaction, r* > d, we can write the s-wave solution as a
combination of the regular and singular Coulomb functions:

Fo(p, ) . @(,0,77))]
——=+ (k") ———| . (75)
Py Ae(n) ’
At d < r* < |a] and |p| < 1 it takes on the form:
Y= {a+ D)0 () + 06 +
a

* *

—o(r
+fcri [1+ %(1n|2—|—|—20—1—|—x) (1+%)+0((%)2)+0(,02)]}. (76)

*

Yi=o(r™) = N(n)

For positive energies, N' = e\ /A.() and, at &~ — 0, f. = fo/[l — 2fox(Fo0)/dl,
X(+00) =0 (a > 0) or x(—o0) = —im (a < 0). In the case of opposite charges (¢ < 0),
Eq. (76) yields:

e B ]
+(1+f0) [2 |f—0|+(’)(( ))+O(p2)”. (77)

15This important conclusion was first stated by Migdal for the pn-system [16].
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For the discrete levels at negative energies, the substitution £* — x, has to be done,
particularly yielding [15, 31]:

Ecot( 7T )—I—l 2In(knlal) + ¥( ! )+ (= !

X(m) = 5 5

)| (78)

Kinla]

Kin|a] nlal

where 1, = (irk,a)"'. Later on, we will use a more compact form of Eq. (78) following

from the relation ¢)(—x) = ¢ (x) + 7 cot(rz) + a~*
() = meot(ma,) — (22,) d(2,) — 3], @n = (knlal)™", (79)

b(x) = 2+ 2allne — p()]. (30)

For a pure Coulombic atom (a < 0, fo = 0), only the solution Fy/p, regular at r* — 0,
contributes and the requirement of its exponential damping at large distances fixes the
energy levels. The corresponding k-values at a given principle quantum number n are
equal to k¢ = (n]a|)~!. The wave functions ¥¢3"!(r*) can then be expressed in terms of

the Laguerre polynomials Lil_l_"'ll ((2). For 1 =0,

o) = e (=) i (2) s (s1)

nlal nlal

The square of the wave function 1°9%(0) at zero separation is given in Eq. (24) and the
Laguerre polynomials are defined by the following recurrence relations:

Ly_i(2) = (n-n!) Zl (2), lhoalz) =1, l2—1(2):_(7f) n—

At r* < nlal,

% cou r* *
vy = w0y 1= o (1)) (33)
|lal na
The strong interaction slightly shifts the Coulombic energy levels thus making the
regular part of the general solution (75) divergent at large distances. Therefore, the
amplitude f. has to have a pole at k* = ik,,, and so, according to Eq. (69),

|a] |a] Jodo
I Y L) E— U . 4
X(n) 2K (iky,) 2fo +0 (na)? (84)
Using Eqs. (79) and (84), one can fix the energy levels E, = —«,%/(2u) in discrete

spectrum with the relative error of O (a™?):'¢

o= {1 2ot |1 sl - 1= 50 (2 ) o (BB ]z = alap
)

16T show this, one can put k, = k< (1+¢€), 2, = |kna|™! =n/(1+¢) and use the equality tan(rz,) =
—tan(repe) = —(rape)[1+ (72n?/3)O(e?)] and the inequality |¢(z,) — ¢ (n)| < O(e), the latter following
from the fact that ¢’(n) vanishes faster than n=1. Note that Eq. (85) is in agreement with the result of Ref.
[33] for the relative energy shift e(n,0) = (2 + ¢)e = eg(n, 0)[1 + g(n, 0)p1(n, 0)], where €y(n, 0) = 4fok8
and p1(n,0) = ¢(n)/4.
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where the function ¢(n) is defined in Eq. (80) and the digamma function for the integer
values of the argument is given by the recurrence relation:

p(n+1)=e¢(n)+1/n, ¢(1)=-C=-05772. (86)

Note that ¢(n) ~ 3 is nearly constant: ¢(1) = 2 + 2C = 3.15443, ¢(2) = 3.08145,
6(3) = 3.05497, ..., d(oc) =

Since N(n,) = 0 (to compensate for the pole of the amplitude f. at k* = ik, ), the

s—wave solutions in discrete spectrum are now given (for r* > d) by the second term in
Eq. (75), exponentially vanishing at large distances:

¢mwﬂ:NNMK@%g&@ﬁﬁ:N%m%gQ%@ZP+O(ﬁ%)} (87)

r r n2a?
The arguments p,, and n, are taken at £* = i1x,, and the normalization factor
N'(n) = N (o) foliren) /B (i) (55)
is set by the requirement
[l Pt = 1. (89)

Note that the extension in the integral (89) of the asymptotic wave function (87) into the
inner region r* < d leads to negligible relative errors O( fod?/(na)?), O(f¢d/(na)?) in the
normalization factor A'. Comparing the expansion of the wave function t,0(r*) for the
distances d < r* < |a|:'7

;z;no(r*):N’(n){( |2|) [1_2|J;—0|<1 - +20—1)] fo

+O(ﬁ;)+0(éf)} (90)

with the low—r* expansion (83) of the pure Coulombic wave function and, also taking

into account the exponential damping at large distances, one can approximate the wave
function (87) at r* < |a?/ fo| by the expression:

app/.x\ __ Nl(n) coul/ * . E _ é
YR = %Wm%g@)b 2M< i 2) r} (91)

T~ atoms, presented in upper panel of

Fig. 9, one can see that the squares of the approximate and exact expressions (91) and
(87) practically coincide for the distances up to several tens fm and that the agreement
is better than percent even at r* ~ |al.

It follows from Eq. (91) that the relative difference of the normalization factors N’ (n)
and °9(0) scales as O(fo/a). In fact, this difference can be fixed when extending the
theory to a multichannel case and requiring the equality of the total width I';, = —23F,

and the sum of the partial widths (see Eqs. (B.1) and (B.5) or, Eqs. (B.7) and (B.4)).
As a result:
2,

N () O 1= o0n)

We have checked Eq. (92), calculating A from the integral (89) for various values of the
scattering length fo, Bohr radius |a| and the principle quantum number n.

From the results of calculations for the s—wave 7

(92)

17See the expansion of the G-function in the square brackets in Eq. (76) and use Eq. (84) for x(n,).
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5.3 Universality

Comparing Eqgs. (77) and (90), valid for the distances d < r* < |a|, one confirms the
important conclusion, already stated at the beginning of the previous subsection, about
the universality of the r*~behavior of the moduli squared of the s-wave solutions in con-
tinuous (k* — 0) and discrete spectrum, up to corrections vanishing as inverse squares of
the Bohr radius |a|. Assuming fy <~ d, one has:

ORI R

The universality holds with the same accuracy also if the s-wave solution in continu-
ous spectrum were substituted by the complete wave function (recall that ;/)C"“l( ) =
coul(0) = A!/2), provided the averaging over the angle between the the vectors r* and

k*:
>— | = 4720 (fo ) +0 (fozo) +0 (T*z) +0(p?).

ey = ([P0
o= (|5 .

Ak (r) =

¢n0 T* /Nl( )

This result follows from the fact that, at £* — 0 and typical distances r* < |a|, the
total wave function in continuous spectrum almost coincides with the s-wave amplitude
Yixo(r*) (see the lower panel in Fig. 8):

k* * T*Q
o) = denlr”) + AN 0 () 0 (95)

and, that the relatively significant correction term O(r*/a) vanishes after the averaging
over the directions of the relative three-momentum Q = 2k*.1® From the lower panel of
Fig. 9, one can see that for the 77~ system, the universality holds to better than percent
for r* <~ 50 fm."?

Comparing Eqs. (54) and (55), one can see that the number N4 of produced 7t7~
atoms is determined by the number of free 7t7~ pairs in the region of small £*. So, N4
is actually proportional to the ratio (|10(r*)|*)op/ (|t -k (r*)|*)5p in which the effects of
the r*-dependence as well as the corrections due to non—equal emission times (¢* # 0)
and smoothness assumption are to a large extent compensated for, being practically the
same for the wave functions in continuous spectrum at k* — 0 and discrete spectrum
at r* < |a|. In fact, according to Eqs. (92-94), one can write the ratio of the finite-size
correction factors at small relative momenta (k* < (1/r*)*"®) and moderate distances
between the particle emitters ((r*)*"® < |al) as

Ltde _ hal /Oy | Ve
A = T RO = 7

2

144
1+ (k)

P+¢<ﬂﬁ]{ruw“%%3+0@ww%“ﬁ, (96)

lal a

I8The distribution of these directions has to be eventually corrected for the experimental acceptance
provided the latter 1s asymmetric with respect to Q — —Q.

19Note that A2, (not shown in Fig. 9) is negative and, contrary to AY it shows the strongest deviation
from zero for n = 1, achieving a per mil level already at r* ~ 20 fm.
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thus leading to Eq. (33) up to a small correction due to the transition 7% — 77~ (see
Eq. (126)). Recall that though the k*—dependence of the correction factor in braces is
quadratic at very low values of £*, in fact, in a wider £*~interval and for sufficiently small
values (r*)*"® <~ 10 fm, it shows a quasi-linear and almost universal behavior (see Fig. 8
and Ref. [1]).

Note that a relation similar to Eq. (96) without the correction factors has been used
in Ref. [8] for a simple calculation of the number of produced atoms (see Eqgs. (21) and
(22)).%° Particularly, the n=® dependence of the latter has been predicted. The correction
20(n) fo/(nla|) = 6fo/(na) slightly modifies this dependence, the modification being the
largest for low values of n. For example, for the 7T -atom (fo &~ 0.2 fm), this correction
is about 0.3% at n = 1 (see also the central panel of Fig. 9).

In Refs. [34, 35], the effect of the strong interaction on the n—dependence of the pio-
nium wave function has been studied numerically, solving the corresponding Schrodinger
equations. Thus, in Ref. [34], the ratio R, = ¥,0/13" and the difference AR, = R, — R,
have been calculated for n = 1 —3 using an exponential form of the short-range potential.

According to Eqs. (83), (90) and (92), one has, up to corrections O( fo/a) and O(r*?/a?):

po= e B sk s e = B o - Lo (14 2] o

From Fig. 1 of Ref. [34], one can deduce a value of ~ 0.15 fm for the scattering length fy
to achieve an agreement with the prediction of Eq. (97) for the ratio R, at d < r* < |a].
The differences AR,,, presented in Fig. 1 of Ref. [34] for n = 2 and 3, are however by
a factor 1.6 higher than the corresponding predictions of Eq. (97). For example, for
10°AR,, at v = 8 fm, n = 2 and 3, one can read from this figure the values®' 1.0 and 1.3
while, Eq. (97) respectively predicts 0.6 and 0.8. This discrepancy may indicate that the
calculation error, declared in Ref. [34] to be better than 10™*, was underestimated by a
factor of 5.

In Ref. [35], a more refined numerical study of the n—dependence has been done ac-
counting for the second channel (7°7%) and extended charges. The hadronic 77 potentials
have been chosen to reproduce the phase shifts given by two—loop chiral perturbation the-
ory. The quantity d, = n*/%,0/¢10 — 1 has been calculated for n = 1 — 4. Similar to
Eq. (97), one has for d < r* < |a]

d, = nS/QLnO(T*) —1= _Jo
Pio(r™) |al

up to corrections O( for*/a*) and O(r*?/a?). The results of numerical calculations pre-
sented in Fig. 2 of Ref. [35] are in qualitative agreement with Eq. (98), d,, being almost
constant (except for the region of very small r*) and showing the right n—dependence:

(o)~ o)}, (9%)

n

d, ~ —(1 —1/n). Similar to Ref. [34], the numerical results for |d,| are however higher,
now by a factor of 2.5, than the predictions of Eq. (98) calculated with fo = 0.2 fm which
should correspond within ~ 10% to the choice of the potentials in Ref. [35]. Since the

290riginally, this relation was obtained on the assumption of an instantaneous emission from a point-
like region (r* < |a|) and a negligible short-range FSI [8], the latter shown later on as unnecessary
[12].

210ne should correct the figure by interchanging the curves. The author is grateful to O. Voskresenskaya
for pointing out this misprint.
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presence of the second channel leads to a negligible modification of Eq. (98) (see next
chapter) and the correction due to the extended charges is also expected to be negligible
(~ —1(r*)x/a?), the discrepancy in the size of the correction d, has to be attributed to
the insufficient calculation accuracy or, to the incorrect matching of the scattering length.

6 The effect of residual charge

The formalism of section 2 assumes a free motion of a given particle pair in the last stage
of the collision. Here we will estimate the effect of the residual charge present in the
collisions involving nuclei. Since the energy of the collisions producing hadronic atoms
is sufficiently large, this effect can be expected of minor importance. Therefore, we will
estimate its upper limit considering rather unfavourable conditions.

Generally, instead of the two-particle Bethe-Salpeter amplitude \Il;‘l"gf(xl, x3), the cor-
relation function is determined by the amplitude \Il]()‘l"gf{a}(xl, x4) representing the solution
of a complicated multi-body problem, taking into account interaction between the two
particles and also their interaction with the residual system described by the quantum
numbers {a}. For our purpose, it is sufficient to approximate these quantum numbers
by an effective (comoving with a given pair) pointlike residual charge Ze and consider a
thermal motion of the two particles with the temperature T' ~ m, in the rest frame of
this charge.

Let us start with the hypothetical case of particles that interact with the charge Ze
but their mutual interaction is ”switched oft”. In such a situation we can treat the systems
(1, 7) and (2, 7Z) independently. Then the interaction with the Coulomb center just leads
to the substitution of the spatial parts of the plane waves % by the usual Coulomb
wave functions: e~ P — e_ip"”q)giz(ri), where CI)giZ(ri) = e JA () F (—ini, 1,1p;),
pi = Piti + piris i = (pia;) ™, a; = (w2 Z€?)™! is the Bohr radius of the system (i, 7)
(taking into account the sign of the interaction) generalized to the relativistic case by
the substitution m; — w; of the particle masses by their energies, §; is the Coulomb s-
wave phase shift, A.(n;) is the Coulomb penetration factor and F(o, 1, z) is the confluent
hypergeometrical function; see Eqs. (23), (62) and (63). For the complete amplitude we
have:

B (01, 3) = PR ()07 (1) = XN 037 (1 )07 (). (99)
Note that a small contribution of spin-dependent electromagnetic forces is neglected here
so that W15 = ¥(H)? ig independent of the total spin S of the particle pair.

Let us now "switch on” the interaction between particles 1 and 2. Since we consider
the relative motion of the two particles at characteristic distances much slower compared
with their motion with respect to the Coulomb center, it is natural to assume that in such
a case the plane wave e=* """ in Eq. (99) will be basically substituted by the Bethe-Salpeter
amplitude ¢§(x) describing the relative motion of isolated interacting particles. After this
substitution we get the amplitude in so called adiabatic (factorization) approximation [13]:

S7 iPX S 4 %7
\I};—ll—;2 (1’171’2) = ¢ ¢g(x)®pl1 (I'l)q)p22 (I'Q). (100)
Instead of the 6-dimensional correlation function R(p1, p2) we calculate the 1-dimensional
one, RZ(k*), with the numerator and denominator integrated over the simulated particle
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spectra. In the equal-time approximation,

N(k*) )
= ZZPSW ke (1) 007 (11, )01 (r2,) /Z @57 (1)@ (x2,)* . (101)

=1

where N(k*) is the number of generated particle pairs in a given £* bin. To separate
the pure effect of the residual Coulomb field on particle correlations, we compare the
correlation function R?(k*) with the one, R"Z"(k*), taking into account for the latter the
effect of the nucleus Coulomb field on one-particle spectra but not on particle correlations
(i.e., simulating the argument r* independently of the arguments r; and ry). Note that
due to the velocity dependence of the correlation function, R'% = R?=° only at a fixed
pair velocity v. In Fig. 10, we present the ratios of the 7*7~ correlation functions R?
and R’ 7" assuming that the pions are emitted in the rest frame of the residual charge 7
according to the thermal law with a temperature of 140 MeV at the space—time points
distributed according to a product of Gauss functions with the dispersions rj = ¢*73. One
may see that even for the radius as low as 2 fm the effect of the residual comoving charge
as large as Z = 60 is less than a few per mil. Taking into account that the effective radius
ro 1s larger than 2 fm even for proton collisions with low-Z nuclei and that the effective
residual charge is only a fraction of the target nucleus charge, one can conclude that the
effect of the residual charge is on a negligible level of a fraction of per mil.

7 Two-channel systems

7.1 Continuous spectrum in both channels

It was implied until now that a long—time FSI takes place and can be separated in the
Bethe-Salpeter amplitudes in the near-threshold final state elastic transitions 1 4+ 2 —
1 4+ 2 only. In principle, however, it can be separated also in the inelastic transitions,
142 — 344, characterized by a slow relative motion in both entrance and exit channels.
The necessary condition for such a separation is an approximate equality of the sums of
particle masses in the intermediate (ms+my) and final (my +ms) states. Some examples
T o anl am Kt & 7K or 77 p < 7. For such processes only
the second term in the upper dlagram in Fig. 1 contributes, now with the particles 3,4 in

are the transitions 7

the intermediate state. In the equal-time approximation, the corresponding amplitudes
reduce to the wave functions describing a two-channel scattering of the particles 1,2 with
the inverse direction of the relative three—-momentum: k* — —k* (the scattering is viewed
in the diagram from right to left so that the final state particles 1,2 are in the entrance
scattering channel). We will denote the channels as o = {142} and 8 = {344}, and the
corresponding wave functions describing the scattering o — o and o — 3 - as ¢ and ¢’
respectively. Outside the range of the strong FSI, r* > d, they can be written, for the -
and f-channel continuous spectrum, as [31]:

@Z)fk* (I'*) = N(na) [e_lk " F(_inav 17i§a) + f?a(k*)%] ’

) = N0 [ e [EER0) g

r* r*
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Table 3: The #—channel momenta k7 calculated at the a—channel thresholds &7, = 0. Also
shown are the relative shifts Akj/k; arising from the non-relativistic approximation in
the second formula in Eq. (103).

« L T KT T p KTK~ K=p pp
— 3 — 797 | = 'K° | = 7% | = K°K° | — K% | — nn
k3, MeV/c 35.5 11.3 28.0 162.9 158.6 |149.3
k5t fm 5.6 17.5 7.0 i 3.1 i34 | -i4.0
Aky/ky, % | -0.84 -0.07 -0.46 0.20 0.13 0.03

where N (n,) = eiSC(WQ)\/AC(na), k* = k* and

2 2 * *1272
[m4? — ma® + (W] + w3)?] —mt = %@2 + 2ug(my + ma — mz — my).  (103)

k*? —
p Awt + w3)? Ha

The approximate equality in Eq. (103) corresponds to the non-relativistic expressions
for the energies: w: = m; + k*/(2m;),j = 1 —4. We consider here the systems with
the Coulomb interaction absent in the channel 3, so ag = oo, 5z = 0, A.(ng) = 1,
é(,oﬁ,nﬁ) = exp(ipg) and x(np)/as = iks; the amplitude ¥P in Eq. (102) then reduces
to the expression indicated by the arrow. The (—channel momenta at the a—channel
thresholds (k* = 0) for 7m-, K-, TN-, K K-, K N- and N N-systems are given in table 3.
This table also demonstrates that even close to the a—channel threshold, the use of the
non-relativistic approximation can lead to noticeable shifts in k7.

Similar to the single—channel case, the amplitudes

P2 = Y Ap) Ac(na)] 2, (104)
where f are the amplitudes of the low-energy s-wave scattering due to the short-range
interaction renormalized by the long-range Coulomb forces, A\, A’ = «,3. The time-

reversal invariance requires [ = fM. It is convenient to consider the amplitudes fCM/
and f*V as the elements of the symmetric matrices f. and f related by the matrix equation

FOR7) = AN k) A2, (105)

The single-channel expression (69) for the amplitude f. can then be rewritten in a matrix
form:

fo(k") = (1&’—1 - QXT(”)) h : (106)

where the matrices a, 17, y(7) and A.(7) are diagonal in the (o, 3)-channel representation,
for example, [A:(7)] v = Ac(ny)danv. The symmetric matrix K has to be real for the
energies above both thresholds due to the two—channel s—wave unitarity condition [15]

3f =Rk, (107)

where the diagonal matrix kyy = k¥d\n. Usually, the K -matrix is real also for negative
kinetic energies (provided sufficiently fast vanishing of the short—range potential with the
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distance), and so it can be expanded in even powers of k* = k¥, similar to Eqgs. (60) or
(61) with the parameters substituted by the corresponding matrices (e.g., fo — fo).
Since, in the cases of practical interest, the particles (pions, kaons, nucleons) in the
channels « and 3 are members of the corresponding isotopic multiplets, one can assume
the parameter matrices diagonal in the representation of the total isospin [31]. The
elements of the amplitude matrix in the channel representation are then given by the

corresponding isospin projections. Particularly, for « = {r#t#~}, 8 = {x°7°}, one has:

e 2 1 u u V2 1 2
=30 gl B =g = = 1) 1 =5+ 587 (108)
3 3 3 3 3
Analogous relations, with the substitutions (0) — (1/2) and (2) — (3/2), take place
for the channels o = {7 p, 7 K+, 7t K=}, 8 = {7, 7°K° 7m°K°}. For the channels
a={K*K=, K p,pp}, 3 ={K°K° K°,nn}, one has

O IO, 5 = g8 = ), (109)

aa B8 — 1(

0 0 5
where the parameters féo) and fél) have now positive imaginary parts due to the effective
inclusion of the additional channels opened at the energies of the elastic thresholds (k% =
0) in the reactions KK — 7w, 7, KN — 7'sA,7's%, NN — mesons.

Note that the use of the isospin relations (108) and (109) implies that the violation of
isotopic invariance is solely associated with the Coulomb factors A.(n;) (strongly deviating
from unity at &% < 27/|a;|) and the mass differences between the members of the same
multiplets (k7 # k3). These relations however neglect the direct violation of isotopic
invariance due to the renormalization effect of the Coulomb interaction on the scattering
lengths, usually leading to the shifts on the level of several percent.??

The difference between the channel momenta can be neglected sufficiently far from
the threshold. Then the matrix algebra can be avoided using the relations analogous to
Eqgs. (108) or (109) directly for the complete amplitudes f;j/ in the absence of the Coulomb
interaction?® and, switching on this interaction in a similar way as in the single-channel

case [36]:

) = { s+ = 2| A o

7.2 Discrete spectrum in the a—channel

One can repeat the same arguments as for the single—channel case, starting from the
general solution in Eq. (75) with the substitution f. — f2°. For a discrete energy level
E, = —k,*/(2u), the amplitude f, has to have a pole or, equivalently, det fc_l(ilin) = 0.
Following Ref. [33] and introducing the matrix

(AT = (K=H)M —id\bashs, (111)

Z2Note however that in the case of a large scattering length (e.g., for two protons), the contribution to
the direct isospin violation of order O(fy/a) can alone amount to several tens percent.

ZNote that Eqs. (108), (109) correspond to the two-dimensional unitary transformation fo= ﬁ_lféﬁ,
Ujy = Usg = cosp, Ups = —Us; = sing. Since it applies also to the cio—matrix, one immediately arrives
at the same transformation of the complete amplitude f in the case of absent Coulomb interaction and

k= k1.
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one can rewrite this requirement in a form of Eq. (84) modified by the substitution
K(ik,) — A% (ik,,) and thus, fix the discrete energy levels similar to Eq. (85):

i = {1 24 [1 Ao — 1] - o (<Aaa/a>z)] } LK = (nfa))

(112)

Ko — k% det K ik (KP)?
Aox — B = Ko“ A 113
[Ty R W =y (113)

where a = a,. Since K(ir,) = K(0)[1 + TrO( foczo/( a)’)] and kj(in,) = K5(0)[1 +

O((nak})_ )], one can safely make the substitutions K (1kn) — fo =K (0) and K3 (ik,) —
k%(0) and write, with the relative errors O(a~?) less than a fraction of per mil,

W _ 1k7; det K& bra = ik det fodavdra

A= § = : (114)
1—Zk K66 1_lk3f0
particularly,
RAY = Koo — [’WM - gzoz _ Oﬁﬁw
I+ (k;[{ﬁﬁy 1+ (kgfoﬁﬁ)za

BOCDE R
L (R RP0)2 1 4 (ks f50)2
In Eqgs. (114) and (115), k; simply denotes k5(0) or kj(ik,). It can be seen from table 3
that kg_l represents a scale which is intermediate between the Bohr radius |a| and the

elements of the matrix fo. As a result, the terms like O(k5( 2 /a) or O((ak})™?) con-
tribute less than a fraction of per mil and can be omitted. As for the terms O((k fM/) )

34 =

(115)

their contribution is on a per mil level and is retained.
The s—wave solutions corresponding to the a—channel discrete spectrum are again given

by the second term in Eq. (75) (N (n,) = 0) with the finite normalization N/ = N foo /A*
introduced in the same way as in Eq. (88) modified by the substitution K — A**. As

for the corresponding —channel s—wave solutions 77/)50(7“*), they are given by the second
of equations (102) with

fﬁa N Acade fﬁa — A\ K N/Aﬁa (116)

foe L —tkjy KPP

the second equality following from Eq. (113) and the explicit inversion of the symmetric
matrix f71:24

wa = K°* —ikjdet K, Df’* = K",

DfP = Koo 4 2 det K, det K = KoK — (K7,

. . 2x
D =det f7 det K = 1 — ik K% + = al

?MNote that the product DfMI is finite since the amplitude pole for a bound state is compensated

Ko — k% det K), 117
B

by the correspondmg zero of the factor D o det f_ . For the continuous spectrum at the a-channel

threshold, K = fy and D=1 — ik — (2in/]a|)(f§~ — ik det fo)-
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where x denotes here x(7,); recall that x(ns)/as = ik} due to the absent Coulomb
interaction in the channel 3. As a result,

e G 8 ik det fo G
nO( ) N( )A _N( ) : i 33 0_*
e L —ikjfo 1

tkir* f Bo ke T 1
B () = NT(m) AP [F8E co_ N'(n) fo Hpe'? 14T Jodo 11
77Z)710(r ) N (n) [l e 1 — Zk; 63 [l e i + I’O n2a2 ] ? ( 8)

where G = G(,on,nn) with the arguments p,, and 1, taken at k* = ix, (K, is expressed
through fo in Egs. (112) and (115)), and N'(n) = < 0)[1 + O(f5*/a)] is fixed by
the normalization integral (89) for the wave function 25. It can be calculated also
analytically using Eq. (92) with the substitution fy — RA** ~ f3* (see Appendix B):

) [ 0)E — 1= o) AT 420 ((“) ) . (119)

n|al a

Using Egs. (117), one can express the amplitudes f'(k*) at k% = 0 (y = —i7, K = fo)
through the elements of the A-matrix (related to the scattering lengths f3* in Eq. (114))
with the relative error O(a™?) less than a fraction of per mil:

2i7r det fo

' I 27:;
AN AN aq -2

a 5M,5M3 (120)

7.3 Universality

Comparing Eqgs. (102) and (118), one may see that the universal r*~behavior of the s-
wave amplitudes ¢/ in continuous (k* — 0) and discrete spectrum takes place with similar
accuracy as in the single-channel case. Thus, for the measures of the universality violation

defined as in Eq. (93), one has®®
. L N2 aa\2 *2
A% (r) = 47O (Lfo ) ) +47%0 (—( ) ) +Tr0 (fodo) +0 (r ) +0(p?),
a a?

ATE (%) = TrO (fodo) +0 (r*z) +O(p?). (121)

The presence of the second channel manifests itself through a new scale & (see table 3),
basically leading to the additional correction of 4w O(kj( )2 /¢)) which is still on the
negligible level less than a fraction of per mil.

For the production cross sections, instead of Eqs. (54) and (55), we now have:

dfo

71’72@ 71 ’72d3 nga W) )| >qu

#For the amplitude 1/, one can use the expansions in Eqs. (77) and (90), respectively modified by the
substitutions fo — f**(0) and fo — A~“.
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6 ﬁ

d°o
+’73’Y4d3 ZgSﬁ W’ () V3PS (122)
d3 S d6
%&§=@>vm& Gl () o
d6 ﬁ
+ (27)° ’73’74WQSB<|% 2(r)Pops, (123)

where p; = pym;/(my +m2) in Eq. (123) and b = {n0}. Since the particles 1,3 and 2,4
are usually the members of the same isospin multiplets, we can take v v,d°cy = v3v4d8ol
as a common factor in Eqgs. (122) and (123) and also put Gs . = Gss.

The two-channel effects in the production cross section, being quadratic in the ampli-
tude foﬁa, usually represent less than several percent of the strong FSI contribution (a frac-
tion of percent in the cross section). Thus, for a near-threshold two-pion system produced
according to a Gaussian r*-distribution (131) with the characteristic radius r¢ = 3 fm and,
taking the two-pion s-wave amplitudes from Ref. [6] (f5* = 0.186 fm, b — _0.176 fm),
the contributions of the FSI transitions 7¥7~ < 77~ and 777~ < 7% to the ntn~
production cross section respectively compose 7.72% and 0.16%, ; these contributions are
somewhat higher, 9.66% and 0.20%, for the amplitudes from Ref. [4] (f5* = 0.232 fm,

I = —0.192 fm). At large rq, the elastic and inelastic contributions vanish as f§*/ra
and |2 /rg|? respectively. One should also account for the correction due to the devi-
ation of the solutions in Eqs. (102) and (118) from the exact ones in the inner region
r* < d. Though this correction vanishes as rz°, at r¢ = 3 fm it is still comparable to
the contribution of the inelastic two-pion transition, composing 0.25% and 0.20% for the
amplitudes from Ref. [6] and [4], respectively.

Note that assuming v172d%05Gs, = 7374(1605@575, the correction to the correlation
function at a given total spin S, total four-momentum P and a small generalized relative
four-momentum ¢ = {0, 2k*} — 0 can be written as

AR = [ EEWplr {1620 ()P + 16240 ()] = (192 ()P + 152 07) PT}, - (124)

where Wp(r*) = [ dt*gp(t*,1%;0)/ [ d*zgp(x;0) is the normalized distribution of the vec-
tor r* of the relative distances between the emission points in the pair c.m.s. and ;Z
denotes the solutions in Eqs. (102) extended to the inner region r* < d. In the case of
only two open channels o and 3, one can write the leading part of the correction as [31]%¢

AR ~ —4xWp(0)Au(1a)-

ax 7 — ax 7 — [050 Q% d = x
i k*?u D PP (KT 4 2R S0 (K™ (125)
at £ = 0, twice the derivatives of the inverse K-matrix coincide with the effective radii

dX'. Similarly, in the case of discrete spectrum, the leading correction to <|LE§0(I'*)|2 +

|;/)ﬁ (r)|?) is also given by Eq. (125) with the substitutions A.(7,) — N’(n) and f" —
AN,

26Tn Ref. [31], the correction AR = W(0)J2 and Js is expressed through the amplitudes Y in Eq.
(44). Tt reduces to our Eq. (125) after a straightforward though lengthy algebra. For the Gaussian r*-
distribution, Eq. (125) is valid up to subleading contributions Q(k*?a;/rq) (see a footnote after Eq. (61))
and Q(f§d*/ry).
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It is important that the presence of the second channel practically does not modify
the ratio (96) of the finite-size correction factors in discrete and continuous (k* — 0)
spectrum at moderate distances r* < |a|. The only modifications are the substitution
fo = RAY & f§* and the appearance of the negligible correction 4#(9(k§(f0 “?/]al):

L+, (G (|02 () )85 + Ga{ | () 12)5E]/ e (0) ‘
L+ 0(k%) (Gl |10 (r¥) 2>>L> 4 gﬁ<|¢ﬁk*(r*)| >s 5]/ |pscul(0) |2 ¢Coul

_ [1 + ¢<n>WW] {1 e (”) + Ok (7)) + 470 (M) } - (126)

nlal lal

2

144,
L+ (k)

8 Finite-size effects in the experiment DIRAC

8.1 7tx system

We will use the results of the UrQMD transport code simulations of the pion production
in pNi interactions at 24 GeV in the conditions of the DIRAC experiment at CERN [19].
Since we are interested in the region of very small relative momenta ) = 2k* < 20 MeV/c,
where the angular distribution of the vector Q is isotropic for uncorrelated pions and, for
Q) < 10 MeV/e, the detector acceptance is practically independent of the direction of
the vector (), one can simplify the analysis integrating over this direction. The finite-size
effect is then determined by the distribution of the relative distance r* between the pion
production points in the pair c.m.s., irrespective of the angular distribution of the vector
r*. The simulated r*-distribution is shown in Fig. 2. We have checked that the tail of
this distribution (r* > 50fm) is dominated by pion pairs containing at least one pion
from the decays of the w and 7’ resonances with the respective path lengths of about
30 and 900 fm in the rest frame of the decay pion; the path length | ~ 7(pgec)/mx is
determined by the resonance lifetime 7 and the four-velocity pgec/m. of the decay pion.
As a consequence of the exponential decay law, the corresponding r*-distributions are
nearly exponential ones except for the region of small r* dominated by the phase space
suppression factor oc r*2. Actually, these distributions may deviate from the exponential
ones due to a continuous spectrum of the decay momenta and averaging over the emission
points of the second pion. We have found that the simulated 5" contribution (~ 1% of
pion pairs at () < 50 MeV/c) can be sufficiently well parametrized by a single exponential
formula interpolating between the phase space and exponential behavior:

S VT F ity (127)

7

.7:(7“*; rn’vln’)

2 2.2 1 A5z2%r, /1, * *
- 1 —exp |—— (14 0.222 + 01527 /1y exp T \ :]c:r—7 (128)
2.2 2 L+ 2°/125 Ly Ty

where r,; = 21fm, [,, = 790 fm. At the same time, a good description of the w-contribution

(~ 19% of low-Q pion pairs) requires a superposition of the two exponential-like expres-
sions:

dN wilq
Z (([7;* - ) = nlwf(r*; Tlw, llw) + nwa(r*; 2w, l2w)7 (129)

i’
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where r1, = 1.07 fm, {4, = 43.0 fm, ry, = 2.65 fm, [, = 25.5 fm and ny,/na, = 0.991.
The rest of the r*-distribution (due to the pions produced directly in the collision, in
the rescatterings or in the decays of resonances with the path lengths shorter than [,) is
peaked at ~ 3 fm and its main part (~ 60% of low-Q pion pairs) including the tail for
r* =10 — 100 fm can be effectively described by a power-like expression:

* \ 207 —28
M, a,8) = r? [1 + (r ) ] ; (130)
M

where ry = 9.20 fm, o = 0.656, 3 = 2.86; note that the tail vanishes as (r*)™>%, i.e.
much faster than the Lorentzian (¢« = $ = 1). The remaining short-distance part of
the r*-distribution (~ 20% of low-Q pion pairs) is strongly shifted towards the origin
because the UrQMD code assumes the point-like regions of the decays and rescatterings;
particularly, r* = 0 for ~ 8% of low-Q 77~ pairs. Therefore, we will represent this part
by a Gaussian distribution:

*2
G(rirg) = exp (— = ) ) (131)
4re
where the Gaussian radius rq is expected on the level of a few fm. As a result,
Z % = npy MO e, o, 8) + naG(rtrag). (132)

LyFwn’

The correction factors 1 + §(k*) and 1 + 4, corresponding to the r*-distributions
n',w, M,G, required to calculate the 77~ production cross section in the continuous
and discrete spectrum, are shown in Fig. 11. The two sets of histograms denoted by
the same lines (dotted, full, dash-dotted, dashed and full) correspond to the two-pion
scattering amplitudes from Ref. [6] (lower) and Ref. [4] (upper). In increasing order,
they correspond to the r*-distributions 7', w, G(r*; 3fm), M(r*;9.20fm, 0.656,2.86) and
G(r*;2fm). One may see that the correction factors corresponding to the n’-contribution
are practically independent of the two-pion scattering amplitudes and, noticeably deviate
from the infinite-size correction factors 1+ ¢ (k*) = 1/A.(n) (the curve) and 1+ 65° = 0.
We thus do not include the n’-meson in the class of long-lived sources, unlike the n-meson
with the path-length of ~ 10° fm.

The calculation of the correction factors was done according to the two-channel ex-
pressions given in the numerator and denominator of the first equality in Eqs. (126):

SLS

L4 6(k7) = ([0 (0 + [0l (7)) /A (), (133)

L8y = (i) + [0 [2), ) /e ()], (134)

where o and 3 respectively denote the channels 7t~ and 7°%7°

. However, the account
for the coupled 7%7% channel, as well as for the leading correction due to the approxi-
mate treatment of the wave function inside the range of the strong interaction, does not
practically influence the results corresponding to the - and w-contributions and only
slightly (< 1%) shifts up the correction factors corresponding to the short-distance M-

and G-ones. A shift of the correction factors can arise also from the uncertainty in the
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s-wave elastic 777~ scattering length fy. The shift due to the difference of the two-pion
scattering amplitudes from Ref. [6] (fo = 0.186 fm) and Ref. [4] (fo = 0.232 fm) is
~ 2 — 3% for the short-distance M- and G-contributions and ~ 1% for the w-one. The
global shifts are however not important since they can be absorbed in the product A\g = A
in Eqgs. (27) and (28)

In accordance with the results in table 2 and Fig. 8, one may see in Fig. 11 the nearly
universal slope of the factors 1 4+ §(k*) corresponding to the short-distance M- and G-
contributions. In accordance with Eq. (72), the slope scales with fy and is ~ 20% steeper
when using the two-pion amplitudes from Ref. [4]. This is clearly seen in Fig. 12, where
we plot the same correction factors as in Fig. 11 in a larger scale and with the subtracted
intercepts 1 +6(0). At @ > 20 GeV/c, there is also seen ~ 5 — 10% variation of the slope
corresponding to different short-distance distributions.

Figs. 11 and 12 also demonstrate the violation of the universality relation é,, = 6(0) up
to ~ 0.4% for the short-distance and w-contributions and up to ~ 9% for the n’-one. The
most right panel in Fig. 12 shows that this violation is partly related to the effect of the
strong interaction on the normalization of the pionium wave function. Indeed, the differ-
ence 8/ — 6(0), corrected for this effect according to Eq. (32), shows weaker dependence
on the main quantum number n and, its short-distance part practically vanishes.

In Fig. 13 we plot the correction factors corresponding to the mixture of 1% n’- and
19% w-contributions, as expected from the UrQMD simulation; to show the effect of a
possible uncertainty in the remaining short-distance part, we describe it by the Gaussians
with different characteristic radii r¢ = 3 and 2 fm. To account for the uncertainty in the
two-pion scattering amplitudes, we have used those from Ref. [6] (fo = 0.186 fm) and Ref.
[4] (fo = 0.232 fm). One may see that the corresponding global variations of the correction
factors compose ~ 5% and ~ 2%, respectively. In Fig. 14, we plot the same factors with
the subtracted values of the intercept 1 + §(0). One may conclude from this figure that
the uncertainty in the short-distance part of the r*-distribution is of minor importance
for the relative momenta () < 20 MeV/c, including the Q-interval of ~ (4 —20) MeV/c in
which the non-atomic 777~ pairs are usually analyzed in the DIRAC experiment. As for
the effect of ~ 20% increase of the s-wave elastic 777~ scattering length, in the middle
of the DIRAC @Q-interval, i.e. at ) = 12 MeV/c, it leads to a decrease of the difference
d(k*) — 8(0) by ~ 0.0015.

To estimate the effect of the uncertainties in the w- and n’-contributions, we plot in
Fig. 15 the differences § — §(0), varying these contributions by ~ 30%. One may see that
the corresponding variations of §(k*) — §(0) at @ = 12 MeV/c compose ~ 0.0025 and
~ 0.0015, respectively.

Concerning the uncertainty in the n’-contribution, one has to take into account that,
in the considered @)-interval, the corresponding correction factor is quite close to the
infinite-size contribution 1/Ac. The latter is included in the fit of the non-atomic Q-
spectrum and this essentially reduces the corresponding uncertainty in the correction
factor 1+ §(k*). This is demonstrated in table 4 where the results of the fits of the non-
*t7~ spectra corresponding to different mixtures of the /-, w- and G-contributions
are presented. One may see that the rather conservative uncertainties in the short-distance
and 7n’-contributions lead to negligible variations of the fitted non-atomic low-() spectrum

atomic 7

on a level of a fraction of per mil.
The inclusion of the infinite-size contribution in the fit also essentially influences the
systematic shift related with the use of simplified Eqs. (21) and (22). As seen from table
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Table 4: The relative differences A*(0) = [6' — 6(0)]/[1 4+ 6(0)] and A = [§* = §,]/[1 + J,.]
resulting from the fits (¢« = 1—6) of the non-atomic 7
mixtures of the n'-, w- and G-contributions. Unless stated otherwise, the Gaussian radius

rg = 3 fm and the fit interval @) = 4—20 MeV/c. The fits were done according to Eq. (27)

_|_

7~ spectra corresponding to different

with a constant §(k*) = ', assuming about uniform population in Q.

FIT ¢ 1 2 3 4 5 6 Comment
w % 19 25 13 19 19 19
n" % 1.0 1.0 1.0 1.3 0.7 1.0
7w phase shifts 6] 6] 6] 6] 6] [4]
AY(0) % -0.88 | -1.39 | -0.39 | -0.93 | -0.83 | -0.63
-0.92 | -1.40 | -0.45 | -0.97 | -0.88 | -0.70 rg =2 fm
-0.72 | -1.11 | -0.34 | -0.77 | -0.68 | -0.54 | @ =3 — 20 MeV/c
AY0)—AY0) % | 0 [-0.511] 0.49 |-0.05| 0.05 | 0.25
0 -0.48 | 0.47 |-0.05 | 0.04 | 0.22 reg =2fm
0 [-0.39| 0.38 |-0.05] 0.04 | 0.18 | @ =3 —20 MeV/c
A % -1.11 | -1.60 | -0.62 | -1.14 | -1.09 | -0.93 n=1
-0.88 | -1.36 | -0.41 | -0.90 | -0.86 | -0.67 n=2
-0.81 | -1.30 | -0.35 | -0.83 | -0.79 | -0.60 n=3
-0.78 | -1.27 | -0.32 | -0.80 | -0.76 | -0.56 n=4
-0.77 | -1.25 | -0.30 | -0.79 | -0.75 | -0.54 n=>5
A A G 0 | -0.49 | 0.49 | -0.03 | 0.02 | 0.18 n=1
0 -0.48 | 0.47 | -0.02 | 0.02 | 0.21 n=2
0 -0.49 | 0.46 | -0.02 | 0.02 | 0.21 n=3
0 -0.49 | 0.46 | -0.02 | 0.02 | 0.22 n=4
0 |-0.48 | 0.47 |-0.02 | 0.02 | 0.23 n=>5
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4, for 19% w-contribution the fit in the interval ¢ = 4 — 20 MeV/c leads to ~ 0.9%
underestimation of the number of the non-atomic low-Q 777~ pairs, instead of ~ 0.8%
overestimation expected from the correction factor 1 + §(k*) alone. The corresponding
overestimation of the number N} of breakup atoms is enhanced (in case of a homogeneous
target) by the ratio of the number of correlated pions to the number of breakup atoms

corr INY ~ 5 and composes ~ 4.5%. Taking into account ~ 1% underestimation of
the number of produced atoms (see Al in table 4), the overestimation of the breakup
probability composes ~ 5.5% and corresponds to ~ 14% overestimation of the pionium
lifetime.

Taking rather conservative 30% and and 10% uncertainties in the w-contribution and
the s-wave elastic 7t7~ scattering length, the respective uncertainties in the breakup
probability compose (see the differences A — Al in table 4) ~ 3% = 5-0.5% + 0.5% and
~ 0.7% = 5-0.12% + 0.1%, corresponding to ~ 7.5% and ~ 1.8% uncertainties in the
extracted pionium lifetime. One can also see from table 4 that the fits in the @)-interval
of 3 —20 MeV/c yield the systematic shifts and uncertainties by ~ 20% lower.

It should be noted that the results in table 4 assume a uniform population of the
(Q)-interval and neglect of the errors in (). A more accurate estimate of the uncertainties
and the optimization of the fit Q-interval require the fits of the real 7¥7~ spectra with
the account of the experimental resolution.

8.2 7 7 and 7txt systems

As a by-product, the experiment DIRAC provides a high statistics data on the correlation
functions of identical charged pions which contains the information on the space-time
characteristics of pion production and can be used to check the results of the UrQMD
simulations.

Contrary to the case of the 77~ system, the correlation effect in the system of iden-
tical pions extends and is measured up to the relative momenta ¢ ~ 200 MeV/c, so
neither the distribution of the vector ) nor the detector acceptance can be considered
independent of the direction of this vector. Since further the angular distribution of the
vector 1™ is not isotropic (particularly, the characteristic width of the out component of
the r*-distribution increases with the transverse momentum while those of the side and
longitudinal ones decrease), the required space-time information does not reduce to the
distribution of the relative distance r* between the pion production points in the pair
c.m.s.; generally, the 3-dimensional distribution of the vector r* is required. Here we how-
ever neglect this complication and calculate the 1-dimensional correlation function of two
identical charged pions in the same way as for the previously considered case of the near-
threshold 7*7~ system, i.e. assuming the uniform distribution of the cosine of the angle
between the vectors () and r* for the uncorrelated pions. The calculated correlation func-
tions corresponding to the r*-distributions n', w, M(r*;9.20fm, 0.656, 2.86), G(r*; 3fm) and
G(r*;2fm) are shown in Fig. 16. In Fig. 17, we show the correlation function correspond-
ing to 1% n’-, 19% w-, 60% M (r*;9.20fm, 0.656, 2.86)- and 20% G(r*; 3fm)-contributions,
as expected from the UrQMD simulations. To demonstrate the sensitivity to the w-
contribution, We show in this figure also the correlation functions calculated with this
contribution varied by ~ 30% - the corresponding change in the peak value is ~ 1.5%.
One can conclude, that the different shape of the w-contribution as compared with the
shapes of the short-distance ones (M and G) allows, in principle, to determine its fraction
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- the most critical parameter required to calculate the finite-size 777~ correction factors.
To control the systematic error due to the w-fraction to ~ 2% in the lifetime, one has to
determine this fraction better than to 10%, i.e. measure the correlation function of the
identical charged pions to a few per mil.

9 Conclusions

We have developed a practical formalism allowing one to quantify the effect of a finite
space—time extent of particle emission region on the two-particle production in continuous
and discrete spectrum. We have considered the effects of non-equal emission times in the
pair c.m.s., the space—time coherence and the residual nucleus charge. We have shown
that these effects are on a per mil level and, being nearly the same for the near-threshold
free and bound particles, can be safely neglected. We have applied this formalism to
the problem of lifetime measurement of hadronic atoms produced by a high energy beam
in a thin target. Particularly, we have found that the neglect of the finite-size effect
on the pionium lifetime measurement in the experiment DIRAC at CERN could result
in a systematic shift comparable with the expected 10% statistical error. Based on the
transport code simulations, we have calculated so called correction factors that can be
used to take into account the finite size of the production region by multiplying the
usual point-like production cross sections of the free and bound 77~ pairs. We have
shown that the uncertainties in these factors arise mainly from the uncertainties in the w-
fraction and the s-wave elastic 777~ scattering length fy. Assuming rather conservative
~ 30% and ~ 10% uncertainties in the w-fraction and fy, one respectively arrives at
~ 7.5% and ~ 1.8% uncertainties in the extracted pionium lifetime. It is shown that
the dominant uncertainty due to the w-fraction can be substantially diminished with the
help of the DIRAC data on correlations of identical charged pions. Since the DIRAC
lifetime data can be used to constrain the scattering length fo with ~ 5% error, one
can thus decrease the uncertainty in the extracted lifetime to ~ 3%. The uncertainty
can be further essentially reduced in future experiments using the multi-layer targets
[2]. Tt will be then basically determined by the uncertainty in the calculated number
N4 of produced atoms. Even for the conservative ~ 30% and ~ 10% uncertainties in
the w-fraction and fy, the corresponding uncertainties in the lifetime will be quite small:
~ 1.3% and ~ 0.3%. The uncertainties can be also somewhat reduced by decreasing
the lower boundary of the @-interval. Thus decreasing it from 4 to 3 MeV/c reduces
the uncertainties by ~ 20%. To optimize the choice of the fit Q-interval and get a more
accurate estimate of the uncertainties one should fit the real 77~ spectra and account
for the experimental resolution.
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Appendix A: Non-equal emission times

We consider here the role of non-equal emission times in the Bethe-Salpeter amplitude
() = e/ 4 A;/)éj_)(:z;), where the correction Ay to the plane wave is given in Eq. (9).
We will consider the amplitude in the pair c.m.s., in which the plane wave e'®/2 = ¢~k
is independent of the emission times. First, we will prove the integral relation between the
Bethe-Salpeter amplitude and the corresponding non-relativistic wave function, derived

on the condition k** < p* [10]:

P () = / PG (2" — v, 1 e (1), (A.1)

q

ool =17 = L [ e e e K (A2)
(r* — = e exp(—t——— .
g : (27 )3 P oy
where m(t* > 0) = my and m(t* < 0) = m;.

We start by splitting the product of the propagators into four terms, each containing

only two poles in the complex kg-plane, situated in the opposite upper and lower half-
planes. Taking into account that in pair c.m.s. P = 0 and that the pair energy coincides
with its effective mass: Py = myy, we get

{(k* —mi> +10)[(P — k)? — my® +140]} 7' =
= [(ko — @1 +10) (Ko + ©&1 — i0)(Kko — M1z — &2 + 10) (Ko — M12 + @e — i())]_1
= [m1g® — (& — &)~
A[(ko — &1 +10) (ko + &1 — 10)] 7" + [(ko — M1z — &g +10) (ko — Mg + &y — i0)] 7"
—[(ko — @1 +10) (ko — Mmag + Dy — 10)] 7" — [(ko + &1 — 10)(ko — M1z — &y +10)] 7'}, (A.3)

where &; = (m;* + &2)1/2. Assuming now that the amplitude f% = f5(kg,m12 — ko) is an
analytical function in the complex ko-plane, we can integrate over xo using the residue
theorem. Consider first t* > 0. In this case the integration contour has to be closed in
the upper half-plane, Eq. (9) then giving

dSK.,e—iK',r*
mig? — (@1 - @2)2 ‘

.[e_ialt*f(—u?hmm + &) ( 1 : ) -

mig + w1 +wy 20

1 : *
A@Z’g—)(:ﬁ) = W—m126_2[m12+(m12_m22)/m12]t /2/

2

: ~ 1 1
_ d(miz—wo)t* o~ ( ) A4
e m Wo, W , — |]. :
f( 2 » 2) mig — (:51 — (:52 + 20 + 2(4)2 ] ( )
Since we are interested in the limit of small c.m.s. particle momenta: k** < p? and since
the integral (A.4) is dominated by &* ~ k*?, we can use the following non-relativistic
approximations (recall that g = myms/(my + my) is the reduced mass of the two-particle

system):
k*? m k*2
mig = mq + mq + ;o omag+ (my? —mg?) fmyy =2 my + :
241 my + mg 2u
9 k*2 g2
Wi = m; + 2’::712»’ mi® — (01 — ©2)? = dmamg, My — O — Gy = T’% (A.5)
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Retaining in the integral (A.4) only the dominant pole term ~ [ms —&; — &y + 0], we
get

1 d3 ke iRr” K? — k*? .
M) = o | e (_Zit*) fme m o (R0

2m2
Using now the equalities A;/)é:'—)(r*,t* =0) = AY_j(r*) and §O)(k — k') = (27)73 [ 3¢/ -

expli(k — &)r'], we can write:

3 . —i T 2 _ 2
AP (z) = 1 / /6P (K — n’)d&e—. exp (—igt*) flmuy — &, 83)

e 272 K?2 —k*2—40 2ma

PP ey KP=k* 1 dBr/e— K o
= /d3r// (27T)36 K( )exp(—@72m(t*) t )ﬁ/—n’z o i()f(m12 —wé,wé)

= / B (2 — 1, ) Ath_jer (1), (A7)

where the §g«-function is given in Eq. (A.2). Noting that the dz«-function in the integral
(A.7) acts on the plane wave e=*"*" as a §-function, we finally arrive at the integral relation
in Eq. (A.1) for t* > 0. The prove of this relation in the case of t* < 0 is done in a similar
way, the integration rg-contour being now closed in the lower half-plane. The result is the
same as in Eqs. (A.4)-(A.7), up to the substitutions my — —my in the time-dependent
phase factor and &y — myy — &1 in the arguments of the scattering amplitude f.

At t* = 0 the function §z=(r* — ¢, 0) = 63 (r* — ¢') and at t* > 0

Y o LI e e |

mi* 2ma 2t

For negative t*-values, the substitution my — —m; has to be done in Eq. (A.8). It is
clear from Eq. (A.8) that, at small &* (k* < m(t*)r*/|t*]), the function §g«(r* — 1/, %)
practically coincides with the d-function 6 (r* — ') on condition (52).

Since the particles start to feel each other only after both of them are created, it
is clear that a large difference in the emission times generally leads to a suppression of
particle interaction at small k*: |A;/)év+)(:1;)| < JAY_k«(r7)); A;/)éj_)(:z;) — 0 at [t*] — oo.
Particularly instructive is the case when one of the two particles is very heavy, say mg >
my. Then the two-particle interaction is suppressed provided the light particle is emitted
prior the emission of the heavy one (m(t* < 0) = my in Eq. (A.2)). Otherwise, the large
mass m(t* > 0) = my prevents the suppression even if the light particle were emitted
much later than the heavy one. Below we consider the effect of non-equal emission times
on two-particle production in some detail.

We start with the FSI due to the short-range forces only. Inserting the spherical wave
(58) into the integral relation (A.1) or (A.7), we get [10]

Apt(e) = L9 i gingrrry 41 -

T.*

[E1(2-)e™ 4 Bz e, (A.9)

where z4 = (M) i (r* + L) and E;(z) = fdyeiyz) is the Fresnel integral. Note
0

2[¢*| m (*)[¢*]

that the length k*/(m(¢*)[t*]) = lg» can be interpreted classically, for large k*r*, as a
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distance traveled by the first emitted particle until the creation moment of the second
one. The absolute value of the factor (r* £ [;+) in the argument z; (z_) thus corresponds
to the maximal (minimal) possible c.m.s. distance between the particles at the later of
the two creation moments. The effect of non-equal emission times however doesn’t reduce
to the modification of the distance r*, it survives even at k* = 0. This effect vanishes
in the limit of small [t*|, when z_ > 1, Eq(z14) — (1 4+ ¢)/2 and (A.9) reduces to the
spherical wave (58). In the opposite limit of large [t*|, when [m(t*)/(2|t*|r*2)]1/2 < 1,
the interaction is suppressed and the scattered wave A;/)éf)(:z;) tends to zero for arbitrary
k™-values.

In the simple static Gaussian model of independent one-particle sources described by
the amplitude (36), the applicability condition (52) of the equal-time approximation can
be roughly written in the form (53). Clearly, the latter condition is not satisfied for very
slow particles emitted by the sources of a long lifetime. This is demonstrated in Figs. 3
and 4 for the FSI contribution in the %7 correlation function.

Note that the change of the character of the effect of non-equal times at v &~ 0.6 and
its increase with the increasing velocity is not expected from condition (53). The increase
of the effect for relativistic particles (v — 1) is specific for the systems of not very large
sizes and lifetimes 79 ~ 1o, when the population of the light-cone region r ~ vt is not
negligible. Indeed, in this region the arguments of the Fresnel integrals at £* = 0 can be
small even at large v: zx ~ (yml|ry —1]/2)"/?, leading to the modification of the spherical
wave.

Consider finally the effect of non-equal emission times on the correlations of two
charged particles. Since, at not very large |t*|, the function d«(r* — 1) is close to the
§-function, we can neglect the terms of higher orders in (r'/a) in Eq. (A.1).2” The non-
equal time correction is thus mainly generated by the subleading term r*/a, similar to
the case of strong FSI, where it arises from a small finite-size contribution f/r*. It con-
cerns also the case of hadronic atoms since the Schrodinger equation at a small negative
energy —e, = —rk*/(2u) practically coincides with that in continuous spectrum at zero
energy. As a result, for r* < £7' = n|a| (n being the main atomic quantum number), the
r*-dependence of the corresponding wave functions at given orbital angular momentum [
is the same.

Appendix B: Decay rate and normalization

The decay rate (partial width) I'? of a bound a—channel state decay into the 3-channel is
given by the square of the wave function 7, in Eq. (118) (at a distance r* > d), multiplied
by the product of the surface 47r*? and the relative velocity vz = k;//,cﬁ:zg

(K P2

) B.1
N e (B.1)

k k
RS TN PR TRTE
Kp Ha

In the considered two—channel case, the 3—channel is the only open one, so the decay rate
coincides with the inverse lifetime (total width) of the bound a—channel state which can

2T0f course, at large [t*| the neglect of these terms is not possible; in particular, the r’-dependence of
the hypergeometric function F' guarantees the vanishing of the Coulomb interaction at |[t*] — co.

Z8In case of two identical bosons in the channel 3, the twice as large square of the symmetrized wave
function is compensated by twice as small surface so that the result is the same.
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be calculated from the imaginary part of the energy E, = —k,%/(214 ):
/7, =T, = =29F, = 2Rk, Sk, /o (B.2)

Using Eq. (112), one has (neglecting SA** as compared with the RA* in the correction
terms)

Re, = w5 [1 4 2RA% kS + O ((2RA™85)%)] |
Sk = 234 (k5)? {1 4 206(n) — JRA™ kS — 4720 (RA™/a)’)},  (B.3)
I, = ;—a {1+20(n)RA°"KE — 4720 ((RA™/a)®) } (k5)T A (B.4)

Using the relation (k¢)* = 7[¢p°94? and Eq. (115) for SA*®, one finally gets, in agreement
with Refs. [33, 37]:

k‘* ?,RAOZO[ %Aozoz 2 ([X”ﬁa)Q
r,=4 B |ypeoubi2 )y 49 — Ar? _ B.
7T/«La |77Z)n0 | { + qb(n) n|a| 0 (( ) ) } 1+ (k;[(ﬁﬁ)z ( 5)

a

Inserting Eqs. (B.1) and (B.5) into the equality I',, = I'J,
between the normalization factors A’(n) and ¥<3"(0).

In the case of two or more open decay channels, the two-channel (o, 3) matrix K is
no more real, particularly, in the presence of one additional channel 7, one has:

ks (K=Y i KR ik (K56)?
S ) e o e g RT N pees — oss Y )
Toaekn BTSN T BT AT T ek

one proves the relation (119)

Koo = Ko 4 (B.6)

where K™ are the elements of a real three-channel matrix K.2° Generally, one has to
account for the possible imaginary parts of the elements of the two-channel K-matrix as
well as, for a possibility of a pure imaginary value of the momentum k7 in the case of a

closed channel § (k3* <0, kj = i(—k;z)l/z, 'Y = 0). Then®°

SEER(KO)? + REES(K90)? 4 k| [REPR(K90)2 4 SKAS(KP)2]

1 — ik |

ks

RA™ = REK™™ —

Y

SERS(R)? = RIGR(K5)? 4 [k | [REOS (K92 4 SKPPR(K)?]
e rrnal?
|1 — ik K00

2

JAM = IR~

2

0 (k) + 3k, eI
J J

where §(x) =1 for @ > 0, §(x) = 0 for « < 0. Inserting the last equality in Eqgs. (B.7)
into Eq. (B.4), one proves Eq. (119) for the case of any number of open decay channels.

G
1 — ik K00

Dy
[ — ik Ko7

Ha

:k* = -
A A |N'(n)|?

, (B.7)

29Note that in the case of a two-pion system (a = 7t 7=, 8 = 7%7"), the third channel is j = y7 so that
the elements K77 and K77 can be safely neglected. Then, only the element K% acquires the imaginary
part: K% = K + ik} (K72,

39The second expression for SA*® in Eq. (B.7) follows from a straightforward though lengthy matrix
algebra. The last equality follows from an obvious generalization of Eq. (B.1), using the relation K% =
Dfoe
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Figure 1: The diagrams describing production of particles 1 and 2 in continuous and
discrete spectrum.
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Figure 2: The distribution of the relative distance r* between the pion production points
in the pair c.m.s. simulated with the UrQMD transport code [18] for p/Ni interactions
at 24 GeV and the relative momenta in the pair c.m.s. ¢ = 2k* < 50 MeV/c in the
conditions of the DIRAC experiment at CERN [19]. The curves are the results of the fits
to short-distance, w and n’ contributions described in the text.
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Figure 3: The FSI contribution to the 7°7% correlation function calculated for different
values of the pair velocity v in a model of independent one-particle sources distributed
according to a Gaussian law with the spatial and time width parameters ro = 2 fm and
170 = 2 fm/c. The exact results (solid curves) are compared with those obtained in the
equal-time approximation (dash curves).
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ro = 2 fm and different values of the time width parameter 7.

48



£ 0
<C > }
T e
O 7Lf/\///\ ‘ \j\\ L ‘ L L ‘ L L ‘ L L ‘ L L
0 5 10 15 20 25 30
T~ 5
£ I
5 B
r ? a
1B
.
0
— 20 [
= . _
>~ 10 B
E ~
0 -
—10
720 :\ | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | |
0 5 10 15 20 25 30
7l

Figure 5: The functions A.(n), Rx(n) = h(n) and Sx(n) = A.(n)/(2n) defined in
Eqgs. (23), (67) and (68). The solid and dash curves correspond to the attraction
(n < 0) and repulsion (n > 0) respectively. For two—pion systems, the variable
In|~' = |ak*| approximately coincides with the relative three-momentum @ = 2k* in
MeV/c: ™' = 0.98Q/(MeV/c). The arrow in the first panel indicates the characteristic
width |[n|™! = 27 of the Coulomb effect.
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Figure 6: The functions B(p,n) and P(p,n) defined in Eqs. (65), (66) and calculated
for the 77~ system. The solid, dash and dash—dotted curves correspond to r* = 5, 15
and 50 fm respectively. The dotted curves represent the functions B(p,0) = sinp/p and
P(p,0) = cos p corresponding to the case of neutral particles.
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Figure 7: The function G/(p,n) defined in Eq. (64) and calculated for the 77~ system.
The solid, dash and dash—dotted curves correspond to r* = 5, 15 and 50 fm respectively.
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Figure 8: The mT 7~ correlation function at a fixed separation r* divided by the Coulomb
penetration factor: R/A. = (le”® ™ F 4+ f.G//r*|?), and the corresponding main con-
tributions due to the interference term and the modulus squared of the hypergeometric
function (see the first of Eqs. (71)). The solid, dash and dash—dotted curves correspond
to r* = 5, 15 and 50 fm respectively. The calculation is done in the approximation of a
constant scattering amplitude f.(k*) = fo = 0.232 fm, the averaging assumes the uniform
distribution of the cosine of the angle between the vectors r* and k* = Q/2. The dot-
ted curves in the lower panel represent the s—wave Coulomb contribution B*(p,n) to the
quadratic term.
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Figure 9: Comparison of the approximate 777~ atomic wave function ¢, (r*) and the
7mt7~ wave function in continuous spectrum ¥ _gs(r*) at &* — 0, respectively defined in
Eqgs. (91) and (62) (fo = 0.232 fm), with the exact s—wave solution outside the range of
the strong interaction 1,0(r*) given in Eq. (87): A2PP(r*) = [{ntP(r*)/tu0(r™)]* — 1 and
AF=0(7) = ([l (1) 9SO o) N ()]IF) — 1, k= — 0 the averaging in the
latter expression is done over the uniform distribution of the cosine of the angle between
the vectors r* and k* = Q/2. The central panel shows A2PP(r*) assuming A (n) = 1°9%(0)
in Eq. (91) in correspondence with the ansatz (96). The curves in the increasing order
correspond to n = 1,2, 3, 10.
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Figure 10: The ratios of the 7¥7~ correlation functions RZ and R'#". For the latter,
only one-particle spectra are influenced by the effective comoving charge Z. The pions are
assumed to be emitted in the rest frame of a pointlike charge 7Z according to the thermal
law with a temperature of 140 MeV. The distribution of the space-time coordinates of
the particle sources is simulated as a product of Gauss functions with the dispersions
r2 = c¢*12. The full broken line corresponds to Z = 30,17y = 2 fm, the dash and dotted
ones - to Z = 60,719 = 2 and 3 fm, respectively.
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Figure 11: The correction factors 1 + (k*) (left) and 1 4 §,, (right) as functions of the
relative momentum () = 2k* and the main atomic quantum number n respectively. They
are required to calculate the 777~ production cross sections in the continuous and discrete
spectrum according to Eqs. (27) and (28). The two sets of histograms denoted by the same
lines (dotted, full, dash-dotted, dashed and full) correspond to the two-pion scattering
amplitudes from Ref. [6] (lower) and Ref. [4] (upper). In increasing order, they correspond
to the r*-distributions 7', w, G(r*; 3fm), M(r*;9.20fm, 0.656, 2.86) and G(r*; 2fm) defined
in Eqs. (127)-(131). The calculation was done according to the two-channel expressions
given in Eqgs. (133) and Eqgs. (134), taking into account the correction in Eq. (125). Note
that the infinite-size correction factors 1 + 0 (k*) = 1/A.(n) (the curve) and 1 4 §2° = 0.
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Figure 12: The differences §(k*) — §(0) (left panel), §,, — 6(0) (middle panel) and 4/, —6(0)
(right panel) calculated from the 7F7~ correction factors given in Fig. 11. The latter
difference is corrected for the effect of the strong interaction on the normalization of the
pionium wave function according to Eq. (32). The differences corresponding to the n’
contribution (dotted histograms) are seen only in the left panel first bin.
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Figure 13: The 77~ correction factors 1 +d(k*) (left) and 144, (right) calculated in the
same way as in Fig. 11. The lower and upper histograms are calculated with the two-pion
scattering amplitudes taken from Ref. [6] and represent the mixtures of 1% n'-, 19% w-
and 80% G- contributions with r¢ = 3 fm (lower and middle) and r¢ = 2 fm (upper).
The lower and upper histograms correspond to the two-pion scattering amplitudes from

Ref. [6], the middle one - to those from Ref. [4].
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Figure 14: The differences 6(k*) — §(0) (left) and 4, — 6(0) (right) corresponding to the

correction factors in Fig. 13.
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Figure 15: The differences 6(k*)—4(0) (left) and &,,—4(0) (right). The full histogram coin-
cides with that in Fig. 14. The dashed ones correspond to the 0.19 4 0.06 w-contributions
and the dotted ones - to the 0.010 + 0.003 5'-contributions.
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Figure 16: The 7=~ correlation functions. The histograms in the increasing order of the
peak values correspond to the r*-distributions n’,w, M(r*; 9.20fm, 0.656, 2.86), G(r*; 3fm)
and G(r*; 2fm) respectively.
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Figure 17: The 7~ 7~ correlation functions. The middle histogram corresponds to 1% n'-,
19% w-, 60% M(r*;9.20fm, 0.656,2.86)- and 20% G(r*;3fm)-contributions. The upper
and lower histograms correspond to the 1% n'-, 19% + 6% w-contributions and the un-
changed ratio 3:1 of the M- and G-contributions (unchanged form of the short-distance
contribution).
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