
DIRAC Note 2005-1824 October 2005On the main quantum number dependence of thepionium productionR. Lednick�yJoint Institute for Nuclear Research, Dubna, Moscow Region, 141980, RussiaInstitute of Physics ASCR, Na Slovance 2, 18221 Prague 8, Czech RepublicWe will use here the notation and equations from Ref. [1]. Neglecting the productionof the �+�� atoms with the orbital angular momentum l > 0 (suppressed by powers ofthe �+�� Bohr radius jaj = 387:5 fm), the probability to produce a pionium as a resultof the two-pion �nal state interaction (FSI) depends on the main quantum number n as(see Eq. (28) in Ref. [1])wn / (1 + �n)j couln0 (0)j2 / (1 + �n)=n3; (1)where  couln0 (0) is the pure Coulomb wave function of the �+�� atom at zero separationand the correction factor (1 + �n) takes into account the e�ects of �nite-size of the pionproduction region and the two-pion strong FSI. It can be shown that for two pions pro-duced at a distance in their center-of-mass system much smaller than the Bohr radius jaj,the n-dependence of the correction factor is dominated by the renormalization e�ect ofthe strong FSI on the two-pion atomic wave function (see Eq. (126) in Ref. [1]):(1 + �n) = "1 + �(n)2<A��njaj # (1 + �0n): (2)Here �(n) � 3 and <A�� � 0:2 fm are respectively de�ned in Eqs. (80), (86) and (115)of Ref. [1]. Thus �(n) = 2 + 2n[lnn�  (n)]; (3)where the digamma function  (n) for the integer argument is given by the recurrencerelation:  (n+ 1) =  (n) + 1=n;  (1) = �C := �0:5772156649: (4)With the increasing n, �(n) slowly converges to 3, the �rst 10 values to 5 digit accuracybeing equal to 3.15443, 3.08145, 3.05497, 3.04141, 3.03320, 3.02770, 3.02376, 3.02080,3.01850, 3.01665. Further,<A�� := f��0 � f��0 (k��f��0 )21 + (k��f��0 )2 � f��0 � f0; (5)where the amplitudes f��00 are expressed through the two-pion isoscalar and isotensors-wave scattering lengths a00 and a20 as (see Eq. (108) in Ref. [1])f��0 = 23a00 + 13a20; f��0 = f��0 = �p23 (a00 � a20); f��0 = 13a00 + 23a20 (6)1



and k�� = 35:5 MeV/c is the �0 momentum in the channel � = f�0�0g at the thresholdof the channel � = f�+��g. Using the values of the scattering lengths from Ref. [2], onehas <A�� = 0:18635 fm.Taking into account that the factor (1 + �0n) is practically independent of n except fora tiny fraction of the pairs containing a pion from �0 decay (see the most right panel inFig. 12 of Ref. [1]), one can write the n-dependence of the pionium production probabilityin a simple analytical form:wn / "1 + �(n)2<A��njaj # 1n3 �  1 + 0:3%n ! 1n3 ; (7)where the approximate equality neglects a weak n-dependence of �(n).In Refs. [3, 4], the e�ect of the strong interaction on the n{dependence of the pioni-um wave function has been studied numerically, solving the corresponding Schr�odingerequations. Thus, in Ref. [3], the ratio Rn =  n0= couln0 and the di�erence �Rn = R1�Rnhave been calculated for n = 1�3 using an exponential form of the short{range potential.According to Eqs. (83), (90) and (92) of Ref. [1], one has, up to corrections O(f0=a) andO(r�2=a2):Rn �  n0(r�) couln0 (r�) := 1 + f0r� ; �Rn � R1 �Rn := f0jaj ��(1)� 1n�(n)� 1 + f0r�! : (8)From Fig. 1 of Ref. [3], one can deduce a value of � 0:15 fm for the scattering length f0 toachieve an agreement with the prediction of Eq. (8) for the ratio Rn at d < r� � jaj. Thedi�erences �Rn, presented in Fig. 1 of Ref. [3] for n = 2 and 3, are however by a factor 1.6higher than the corresponding predictions of Eq. (8). For example, for 103�Rn at r� = 8fm, n = 2 and 3, one can read from this �gure the values1 1.0 and 1.3 while, Eq. (8)respectively predicts 0.6 and 0.8. This discrepancy may indicate that the calculationerror, declared in Ref. [3] to be better than 10�4, was underestimated by a factor of 5.In Ref. [4], a more re�ned numerical study of the n{dependence has been done ac-counting for the second channel (�0�0) and extended charges. The hadronic �� potentialshave been chosen to reproduce the phase shifts given by two{loop chiral perturbation the-ory. The quantity dn = n3=2 n0= 10 � 1 has been calculated for n = 1 � 4. Similar toEq. (8), one has for d < r� � jajdn � n3=2 n0(r�) 10(r�) � 1 := � f0jaj ��(1)� 1n�(n)� ; (9)up to corrections O(f0r�=a2) and O(r�2=a2). The results of numerical calculations pre-sented in Fig. 2 of Ref. [4] are in qualitative agreement with Eq. (9), dn being almostconstant (except for the region of very small r�) and showing the right n{dependence:dn � �(1�1=n). Similar to Ref. [3], the numerical results for jdnj are however higher, nowby a factor of 2.5, than the predictions of Eq. (9) calculated with f0 = 0:2 fm which shouldcorrespond within � 10% to the choice of the potentials in Ref. [4]. Since the presenceof the second channel leads to a negligible modi�cation of Eq. (9) (<A�� � f0) and thecorrection due to the extended charges is also expected to be negligible (� �16hr2i�=a2),the discrepancy in the size of the correction dn has to be attributed to the insu�cientcalculation accuracy or, to the incorrect matching of the scattering length.1One should correct the �gure by interchanging the curves. The author is grateful to O. Voskresenskayafor pointing out this misprint. 2
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