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Kaon Physics in the New Millennium

Since about a decade a new generation of high-statistics 
kaon experiments are in operation

        NA48,  KTeV,  KLOE,  ISTRA+,  E787/949,  NA62, ...

Significant progress in many fields in the last few years:

Direct CP violation (ε'/ε)
Precision determination of |Vus|

Tests of Chiral Perturbation Theory         

Search for New Physics phenomena (LFV, ...)

←   This Talk
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Introduction

Measurement of ππ scattering lengths

Wigner-cusp in K± → π± π0 π0

Measurement of K± → π+ π- e± ν (Ke4) decays

Future Prospects

Conclusions



Rainer Wanke, TROIA'11, Aug 22nd, 2011

ππ Scattering Lengths

4

π

π r
k =

√
2mE
�

At low energy k r << 1: S-wave dominates scattering amplitude. 
Isospin I = 0,2 because of Bose statistics.

At low energy S-wave scattering lengths a0, a2 are 
essential parameters of Chiral Perturbation Theory (ChPT).

Scattering matrix                             parametrized by two phases:S|ππ� = e2iδ|ππ�

(In the following:  a0,2 quoted in units of mπ )

δ0,2 = − a0,2 · k + O(k2)
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Chiral symmetry:     (considering only u,d quarks)

Chiral Symmetry Breaking

Chiral symmetry: (Considering only u, d quarks.)

Assumption: u, d, s quarks massless.
=! Lagrange function LQCD invariant under SU(2)L " SU(2)R

transformations.

Spontaneous symmetry breaking:

Vacuum ground state not invariant under chiral symmetry.
=! SU(2)L " SU(2)R becomes SU(2)L+R.
=! Three massless Goldstone bosons are created.

(!+,!!,!0)

Rainer Wanke Seminar über Teilchen- und Mittelenergiephysik, Universität Mainz, June 22, 2005 – p.17/40
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Spontaneous symmetry breaking:
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Symmetry breaking by finite quark masses:

Chiral Symmetry Breaking

Symmetry breaking by finite quark masses:

Symmetry broken by quark masses mu, md != 0

=" Pions acquire masses.

Gell-Mann, Oakes, Renner: M2
! ! 1

F 2
!

(mu + md) |"0|qq̄|0#|

with: F! = pion decay constant = 92.4 MeV
and: #0|qq̄|0$ = quark condensate.

Stern et al.: #0|qq̄|0$ not necessarily != 0 for mu, md != 0,
as expansion in the quark masses is:

M2
! = 1

F 2
!

(mu + md) |#0|qq̄|0$| % l̄3
32!2F 2

!

M4 + O(M6)

with l̄3 = coupling constant, could be unexpectedly large.

Rainer Wanke Seminar über Teilchen- und Mittelenergiephysik, Universität Mainz, June 22, 2005 – p.18/40

(NP B457 (1995) 513)

(PR 175 (1968) 2195)

http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/9507319
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/9507319
http://www.slac.stanford.edu/spires/find/hep/www?j=PHRVA,175,2195
http://www.slac.stanford.edu/spires/find/hep/www?j=PHRVA,175,2195
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H. Leutwyler – Bern

Predictions for the S-wave !! scattering lengths
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low energy theorem for scalar radius
Colangelo, Gasser & Leutwyler 2001
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replacem

ents

a0
0

a2
0

Sizeable corrections in a0
0, while a2

0 nearly stays put

Light flavour hadron physics – p.10/39

Universal band  (from Roy equations)

ChPT constraint:  
     a2  =  -0.0444(8) + 0.236 (a0 - 0.22) - 0.61 (a0 - 0.22)2 - 9.9 (a0 - 0.22)3 

Scattering lengths a0, a2 are 
directly connected to mπ:

(Weinberg, PRL 17 (1966) 216)

Precise prediction within 
Chiral Perturbation Theory:

(Colangelo, Gasser, Leutwyler, PRL 86 (2001) 5008)

a0 = 0.220 ± 0.005

a2 = −0.0444 ± 0.0010

a0 ∼ 7m2
π

32π F2
π

= 0.16

a2 ∼ −m2
π

16π F2
π

= −0.045

a0, a2 = 0 for md, mu = 0  
(chiral limit)

http://www.slac.stanford.edu/spires/find/hep/www?j=PRLTA,17,616
http://www.slac.stanford.edu/spires/find/hep/www?j=PRLTA,17,616
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0103063
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0103063
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Measuring ππ Scattering Lengths
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Three kinds of measurements have been performed:

Pionium lifetime (π+π-)atom:  Measurement of |a2 - a0|

                                                     ➜  DIRAC experiment

Cusp in K → πππ (K3π) decays:  Measurement of a2-a0, a2 

K± → π± π0 π0    ➜  NA48/2:  ~60 million events

KL → π0 π0 π0     ➜  KTeV + NA48/2:  (70+100) million events

K± → π+ π- e± ν (Ke4) decays:  Measurement of a0, a2

                              ➜  S118 (Geneva-Saclay, 1977): ~30 000 events
                                    BNL E685 (2003):  ~400 000 events

                                    NA48/2 (2009):  ~1.1 million events
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NA48: 48th experiment in the 
CERN North Area

Fixed-target experiment with 400 
GeV/c proton beam from the SPS
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K± Running 2003/04

NA48/2 experiment in 2003/2004:

Simultaneous K+ and K! beams with pK± = (60 ± 3) GeV/c.

K−

K+

K+

K−

K+

K−

Magnet

Beams coincide
within ~1mm

Beam
spectrometer

Momentum
selection

~ 7 x 1011
protons/spill

kaons/spill
2−3 x 10 6

Quadrupol

First Achromat Second Achromat

20050 100
1 cm

0 250 m

10 cm

not to scale!
spectrometer

He tank +Vacuum
tank

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.5/38

Trigger: 3 charged tracks   or
1 charged track + missing pT

➜  Efficiencies > 99 %
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NA48 Detector

Main detector components:

Magnet spectrometer
Two drift chambers each before
and after spectrometer magnet.
Momentum resolution:
! 1% for 20 GeV/c tracks.

Anti-counters for photons, muons

Liquid Krypton Calorimeter

Kevlar window

Drift chamber 1

Anti counter 6
Drift chamber 2

Magnet

Drift chamber 3

Helium tank

Anti counter 7
Drift chamber 4

Hodoscope

Liquid krypton calorimeter
Hadron calorimeter

Muon veto sytem

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.6/38
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Liquid Krypton Calorimeter (LKr)

Structure:
13212 cells of 2 ! 2 cm2 along beam
axis in " 10 m3 liquid krypton.

Energy resolution:

!E
E = 3.2%!

E[GeV]
# 90 MeV

E # 0.42%

=$ " 1% for 20 GeV photons.

Position resolution:

!x = !y = 4.2mm!

E[GeV]
# 0.6 mm

=$ " 1 mm for 20 GeV photons.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.7/38
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LKr 

!z 

dij 

i 

j Z(i,j) 
Z(k,l) 

Vertex 

Eur. Phys. J. C (2009) 64: 589–608 593

For events with more than one accepted track-cluster
combination (!1.8% of the total), the K± " !±!0!0 de-
cay is selected as the !±!0!0 combination minimizing a
quality estimator based on two variables: the difference "D

of the two Dij values and the difference "M between the
!±!0!0 invariant mass and the nominal K± mass [12]:
!

"D

rmsD(D)

"2

+
!

"M

rmsM(D)

"2

,

where the space and mass resolutions rmsD, rmsM are func-
tions of D, as obtained from the measured "D and "M

distributions.
Figure 2 shows the distribution of "M , the difference

between the !±!0!0 invariant mass and the nominal K±

mass for the selected K± " !±!0!0 decays (a total of
6.031 # 107 events). This distribution is dominated by the
Gaussian K± peak, with a resolution # = 1.3 MeV/c2.
There are small non Gaussian tails originating from uniden-
tified !± " µ± decay in flight or wrong photon pairing.
The fraction of events with wrong photon pairing in this
sample is 0.19%, as estimated by the Monte Carlo simu-
lation described in the next section.

Figure 3 shows the distribution of the square of the !0!0

invariant mass, M2
00, for the final event sample. This distri-

bution is displayed with a bin width of 0.00015 (GeV/c2)2,
with the 51st bin centred at M2

00 = (2m+)2 (for most of the
physical region the bin width is smaller than the M2

00 reso-
lution, which is 0.00031 (GeV/c2)2 at M2

00 = (2m+)2). The
cusp at M2

00 = (2m+)2 = 0.07792 (GeV/c2)2 is clearly vis-
ible.

Fig. 2 Distribution of the difference between the !±!0!0 invariant
mass and the nominal K± mass for the selected K± " !±!0!0 de-
cays

Fig. 3 a: distribution of M2
00, the square of the !0!0 invariant mass;

b: enlargement of a narrow region centred at M2
00 = (2m+)2 (this point

is indicated by the arrow). The statistical error bars are also shown in
these plots

4 Monte Carlo simulation

Samples of simulated K± " !±!0!0 events !10 times
larger than the data have been generated using a full detec-
tor simulation based on the GEANT-3 package [13]. This
Monte Carlo (MC) program takes into account all detec-
tor effects, including the trigger efficiency and the presence
of a small number (<1%) of “dead” LKr cells. It also in-
cludes the simulation of the beam line; the beam parame-
ters are tuned for each SPS burst using fully reconstructed
K± " !±!+!$ events, which provide precise information
on the average beam angles and positions with respect to the
nominal beam axis. Furthermore, the requirement that the
average reconstructed !±!+!$ invariant mass is equal to
the nominal K± mass for both K+ and K$ fixes the ab-
solute momentum scale of the magnetic spectrometer for
each charge sign and magnet polarity, and monitors continu-
ously the beam momentum distributions during data taking.

The Dalitz plot distribution of K± " !±!0!0 decays
has been generated according to a series expansion in the
Lorentz-invariant variable u = (s3 $ s0)/m2

+, where si =
(PK $ Pi)

2 (i = 1,2,3), s0 = (s1 + s2 + s3)/3, PK (Pi)

is the K(!) four-momentum, and i = 3 corresponds to the
!± [12]. In our case s3 = M2

00, and s0 = (m2
K + 2m2

0 +
m2

+)/3. For any given value of the generated !0!0 invariant
mass the simulation provides the detection probability and
the distribution function for the reconstructed value of M2

00.

M3π - MK

K → π± π0 π0  selection:

1 charged track +                     
4 e.m. calorimeter clusters

π0 → γγ selection:                    
consider all 3 pairings and 
minimize vertex difference Δz

invariant π0 π0  mass M(π0π0):  
only calorimeter and vertex 
information used

➜  60 million events
      (mass resolution 1.3 MeV,
       negligible background)
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Eur. Phys. J. C (2009) 64: 589–608 593

For events with more than one accepted track-cluster
combination (!1.8% of the total), the K± " !±!0!0 de-
cay is selected as the !±!0!0 combination minimizing a
quality estimator based on two variables: the difference "D

of the two Dij values and the difference "M between the
!±!0!0 invariant mass and the nominal K± mass [12]:
!

"D

rmsD(D)

"2

+
!

"M

rmsM(D)

"2

,

where the space and mass resolutions rmsD, rmsM are func-
tions of D, as obtained from the measured "D and "M

distributions.
Figure 2 shows the distribution of "M , the difference

between the !±!0!0 invariant mass and the nominal K±
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There are small non Gaussian tails originating from uniden-
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00 = (2m+)2 (this point

is indicated by the arrow). The statistical error bars are also shown in
these plots

4 Monte Carlo simulation

Samples of simulated K± " !±!0!0 events !10 times
larger than the data have been generated using a full detec-
tor simulation based on the GEANT-3 package [13]. This
Monte Carlo (MC) program takes into account all detec-
tor effects, including the trigger efficiency and the presence
of a small number (<1%) of “dead” LKr cells. It also in-
cludes the simulation of the beam line; the beam parame-
ters are tuned for each SPS burst using fully reconstructed
K± " !±!+!$ events, which provide precise information
on the average beam angles and positions with respect to the
nominal beam axis. Furthermore, the requirement that the
average reconstructed !±!+!$ invariant mass is equal to
the nominal K± mass for both K+ and K$ fixes the ab-
solute momentum scale of the magnetic spectrometer for
each charge sign and magnet polarity, and monitors continu-
ously the beam momentum distributions during data taking.

The Dalitz plot distribution of K± " !±!0!0 decays
has been generated according to a series expansion in the
Lorentz-invariant variable u = (s3 $ s0)/m2

+, where si =
(PK $ Pi)

2 (i = 1,2,3), s0 = (s1 + s2 + s3)/3, PK (Pi)

is the K(!) four-momentum, and i = 3 corresponds to the
!± [12]. In our case s3 = M2

00, and s0 = (m2
K + 2m2

0 +
m2

+)/3. For any given value of the generated !0!0 invariant
mass the simulation provides the detection probability and
the distribution function for the reconstructed value of M2

00.

M(π0π0) distribution:

Clear cusp at 

    M(π0π0) = 2 m(π±)

(were expecting peak         
from pionium formation             
K → π± (ππ)atom → π± π0 π0)
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Acceptance and Resolution

= 0.0031 GeV 2!

(2 m  )+
2

Acceptance

Resolution Resolution on m2
!0!0 :

Determined by
LKR resolution.
Best at low m2

!0!0

(due to kinematical constraints).

At m2
!0!0 = (2m!+)2:

! = 0.0031 GeV2

Acceptance:

Acceptance ! linearly
varying around (2 m!+)2.

Modelled by
Monte Carlo simulation.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.9/38
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Cusp Explanation
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(PRL 93 (2004) 121801)

(Effect already predicted much earlier:
 Budini, Fonda, PRL 6 (1961) 419)

N. Cabibbo (2004):

The Explanation

0

5

10

15

20

25

30

270 275 280 285 290

d!
dM!!

M!!

(a0 ! a2)m!+ = 0.265
(a0 ! a2)m!+ = 0

N. Cabibbo (2004):
(PRL 93 (2004) 12181)

Rescattering of K+ " !+!+!!

to K+ " !+!0!0.

!

0

0

!

!−

+

!+

K+
!

Measurement of !! scattering
length a0 ! a2 possible!

(Similar effect also predicted
by U.-G. Meissner, 1997)

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.11/38

M! " A!
av!1! g!#s3 $ s0%=2m2

!!"; (7)

where s0 " #s1 ! s2 ! s3%=3. The g’s coincide with the
linear slope parameters defined in the Particle Data
Group (PDG) review [18]. The !I " 1=2 rule requires
A0
av and A!

av to have the same sign [19], with A!
av & 2A0

av,
in good agreement with the observed branching ratios. In
the following we will assume M0 and M! to be positive.

To evaluate the graph in Fig. 1 we can use a simplified
effective Lagrangian which reproduces the !! charge
exchange reaction near the !!!$ threshold,

L chx "
16!#a0 $ a2%m!!

3
#!!!$!0!0%: (8)

The diagram in Fig. 1 then results in

M 1 " $ 2#a0 $ a2%m!!

3
M!;thr#J! K%; (9)

where M!;thr is the value of M! at the !!!$threshold.
Using Eq. (7),

M!;thr " A!
av

!
1! g!#M2

K $ 9m2
!!%

12m2
!!

"
: (10)

We have divided the contribution of the graph into two
parts, J and K. The J contribution flips from dispersive to
absorptive at s!! " 4m2

!! ,

J " J$ " !~v:s!! < 4m2
!! ;

J " J! " $i!v:s!! > 4m2
!! ;

(11)

where

~v " !#4m2
!! $ s!!%=s!!"1=2;

v " !#s!! $ 4m2
!!%=s!!"1=2:

(12)

The K contribution is dispersive both above and below
the threshold, and has no singularity at s!! " 4m2

!! so
that it can be approximated by a polynomial in s!!. It
will be reabsorbed in the definition of the unperturbed
amplitude M0, setting K " 0 in Eq. (9).

Since M1 changes from real to imaginary at the
!!!$threshold, jMj2 will have a different expression
below and above the threshold:

jMj2 "
##M0%2 ! #M1%2 ! 2M0M1:below;

#M0%2 ! #iM1%2 :above;
(13)

and the differential decay rate for K! ! !!!0!0 with
respect to the !0!0 invariant mass M!! will display a
cusp. In Fig. 2 we show a plot of the differential decay
rate (in arbitrary units) before and after the rescattering
corrections, evaluated using A!

av " 2A0
av, the slope pa-

rameters g0; g! as given in the PDG listings, and the
value for a0-a2 from Eq. (3). The #4m2

!! $ s!!%1=2 behav-
ior below the !!!$ threshold arises from the interfer-
ence term in Eq. (13) and is a very characteristic feature.
It is encouraging to see that the deviation from the

uncorrected behavior is very prominent, so that it should
be possible to measure it accurately.

In order to extract the value of a0-a2 from the !0!0

spectrum, let us consider a development of jMj2 in
powers of " " #4m2

!! $ s!!%1=2=2m!! . Below the
!!!$ threshold the coefficients of " and of "2 are
uniquely determined in terms of the rate for K! !
!!!0!0 above this threshold, the K! ! !!!!!$ dif-
ferential rate, and the value of a0-a2. Since the maximum
value of " below threshold is &0:26, neglecting terms in
"3 and higher is equivalent to a &2% theoretical error in
the decay rate, corresponding to a &6% error on the value
of a0-a2. This is the central result of this Letter, and it is
worthwhile to discuss it in more detail.

Above the !!!$ threshold M1 is absorptive, so that
its value is directly determined by the physical ampli-
tudes for K! ! !!!!!$ and !!!$ ! !0!0. In
Eqs. (9) and (11) we have neglected the s!! dependence
of the charge exchange reaction and of the K! !
!!!!!$ amplitude, which can contribute terms of
O#"3% to M1. As noted before in the discussion of the
K term, even powers of " are absent from M1 because
they can be absorbed in the definition of M0. The value of
M1 below the threshold is the analytic continuation of
the value above the threshold, so that it correctly includes
the O#"% terms, with possible errors which are O#"3%.

Terms of O'"2 " #4m2
!! $ s!!%=4m2

!!( in the value of
jMj2, Eq. (13), derive from two sources: the first is in the
s!!dependence of M0—see, e.g., Eq. (6), keeping in
mind that s3 " #k$ q3%2 " #q1 ! q2%2 " s!!. Since
M0 is regular at the threshold, the coefficient of this

FIG. 2. The !0!0 invariant mass distribution with/without
the rescattering correction, in arbitrary units.

VOLUME 93, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S week ending
17 SEPTEMBER 2004

121801-2 121801-2

http://livepage.apple.com/
http://livepage.apple.com/
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0405001
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0405001
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a0 ! a2 from K± " !±!0!0 Decays

K± ! !±!0!0 decays:
K+ " !+!+!! amplitude
contributes to K+ " !+!0!0 via
charge exchange !+!! ! !0!0.

!

0

0

!

!−

+

!+

K+
!

Matrix element: M(K+ ! !+!0!0) = M0 + M1

with: M0 = ”unperturbed” amplitude
M1 = rescattered amplitude

Above threshold: s! = m2
!0!0 > 4 m2

!+ M1 imaginary

M1 = ! 2
3 (a0 ! a2)m!+ Mthreshold

K+"!+!+!! · !
!

4m2
!+/s! ! 1

Below threshold: s! < 4 m2
!+ M1 real and negative

M1 = ! 2
3 (a0 ! a2) m!+ Mthreshold

K+"!+!+!! · (!i)!
!

1 ! 4m2
!+/s!

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.12/38

a0 ! a2 from K± " !±!0!0 Decays
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Second order computations:     (Cabibbo, Isidori, JHEP03 (2005) 21)

Not considered: 

a0 ! a2 from K± " !±!0!0 Decays

Second order calculations: (N. Cabibbo, G. Isidori, JHEP03 (2005) 021)

Other rescattering corrections: !0!0 " !0!0, !+!0 " !+!0, . . .
Two-loop level O(a2

i ) corrections:

K

!!
a

!!
b

!!!
a

!!!
b

!c

!b

!a

K

!!
a

!!
c

!!
b

!!!
b

!c

!b

!a

K

!!
a

!!
b

!!
c !c

!b

!a

=# Separate determination
of a2 possible.

Also: Coverage of all K ! !!! decays
(e.g. KL ! !0!0!0).

Possible improvements:
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O(a3
i ) corrections.

Radiative corrections.
=# About 5% uncertainty on a0 " a2.
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Approach by the Bern-Bonn group:

based on an effective                                               
non-relativistic lagrangian

different structure of the                                               
expansion (w.r.t. CI)

simultaneous fitting of neutral and charged 
amplitudes to extract Dalitz plot slope parameters   
(modified w.r.t. PDG parametrization)

electromagnetic effects and radiative corrections 
outside the cusp point are included

(Colangelo, Gasser, Kubis, Rusetsky,        
PLB 638 (2006) 187;

Bissinger, Fuhrer, Gasser, Kubis, Rusetsky, 
PLB 659 (2008) 576; NPH B806 (2009) 178)

➜  provides so far most complete
     description of rescattering effect

http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0604084
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0604084
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0604084
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0604084
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0710.4456
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0710.4456
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0710.4456
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0710.4456
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0807.0515
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0807.0515
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The CI formulation [7] includes all one-loop and two-
loop rescattering diagrams and can be used to fit both
K± ! !±!0!0 and K± ! !±!+!" decay distributions.
However, rescattering effects are much smaller in K± !
!±!+!" than in the K± ! !±!0!0 decay because the in-
variant mass of any two-pion pair is always #2m+. Indeed,
a good fit to the K± ! !±!+!" Dalitz plot [14] can be
obtained with or without the addition of rescattering terms
to the tree-level weak amplitude of K± ! !±!+!" decay.
We have checked that both the values of the best fit parame-
ters and their statistical errors, as obtained from fits to the
M2

00 distribution of K± ! !±!0!0 decay, undergo negligi-
ble changes whether or not rescattering effects are included
in the K± ! !±!+!" decay amplitude. This can be un-
derstood from the fact that the K± ! !±!+!" decay am-
plitude enters into the CI formulation of rescattering effects
in K± ! !±!0!0 decays as the complete expression given
by (4). Thus (4), with parameters extracted from a fit to the
K± ! !±!+!" data, provides an adequate phenomeno-
logical description of K± ! !±!+!" decay which can be
used in calculating rescattering effects in K± ! !±!0!0

decay.
In the fits to the M2

00 distribution from K± ! !±!0!0

decay, the free parameters are (a0 " a2)m+, a2m+, g0, h0,
and an overall normalization constant. The coefficient k0
cannot be directly obtained from a fit to the M2

00 distribu-
tion. Its value is determined independently from the Dalitz
plot distribution of K± ! !±!0!0 decays, as described in
the Appendix. The value k0 = 0.0099 is kept fixed in the fits.

All M+ parameters are fixed from data: the coefficients
g, h, k are obtained from a separate fit to the K± !
!±!+!" decay Dalitz plot [14], using M+ as given by (4),
and taking into account Coulomb effects; and A+ is ob-
tained from the measured ratio, R, of the K± ! !±!+!"

and K± ! !±!0!0 decay rates, R = 3.175 ± 0.050 [12],
which is proportional to A2

+. The fit gives g = "0.2112 ±
0.0002, h = 0.0067±0.0003, k = "0.00477±0.00008; and
we obtain A+ = 1.925 ± 0.015. These values are kept fixed
in the fits to the M2

00 distribution from K± ! !±!0!0 de-
cay.

As explained in Sect. 7 all fits are performed over the
M2

00 interval from 0.074094 to 0.104244 (GeV/c2)2 (bin 26
to 226). The CI formulation [7] does not include radiative
corrections, which are particularly important near M00 =
2m+, and contribute to the formation of !+!" atoms (“pio-
nium”). For this reason we first exclude from the fit a group
of seven consecutive bins centred at M2

00 = 4m2
+ (an in-

terval of ±0.94 MeV/c2 in M00). The quality of this fit
is illustrated in Fig. 4a, which displays the quantity " $
(data " fit)/data as a function of M2

00. The small excess of
events from pionium formation is clearly visible.

Pionium formation and its dominating decay to !0!0 are
taken into account in the fit by multiplying the content of

Fig. 4 " = (data " fit)/data versus M2
00 for the rescattering formula-

tion of ref. [7]: a—fit with no pionium formation and excluding seven
consecutive bins centred at M2

00 = (2m+)2 (the excluded region is
shown by the two vertical dotted lines; b—fit with pionium CI (see
text). The two vertical dashed lines show the M2

00 interval used in the
fit. The point M2

00 = (2m+)2 is indicated by the arrow

the bin centred at M2
00 = 4m2

+ (bin 51) by 1 + fatom, where
1 + fatom describes the contribution from pionium forma-
tion and decay. The pionium width is much narrower than
the bin width, since its mean lifetime is measured to be
%3 & 10"15 s [18]; however, the M2

00 resolution is taken
into account in the fits as described in the last paragraph of
Sect. 4. The results of a fit with fatom as a free parameter
and with no excluded bins near M2

00 = 4m2
+ are given in Ta-

bles 2 and 3 (fit CI): the quality of this fit is shown in Fig. 4b.
The best fit value fatom = 0.0533 ± 0.0091 corresponds to
a rate of K± ! !±+ pionium decay, normalized to the
K± ! !±!+!" decay rate, of (1.69±0.29)&10"5, which
is larger than the predicted value %0.8 & 10"5 [19, 20]. As
discussed in Sect. 6, this difference is due to additional ra-
diative effects, which are not taken into account in the CI
formulation [7] and, contrary to pionium formation and de-
cay, affect more than one bin. For this reason for the fits
without the radiative effects taken into account we prefer to
fix fatom = 0.0533 and to exclude from the fit the seven con-
secutive bins centred at M2

00 = 4m2
+. The results of this fit

are listed as Fit CIA in Tables 2 and 3.
We have also performed fits using the constraint between

a2 and a0 predicted by analyticity and chiral symmetry [21]
(we refer to this constraint as the ChPT constraint):

a2m+ = ("0.0444 ± 0.0008) + 0.236(a0m+ " 0.22)

" 0.61(a0m+ " 0.22)2 " 9.9(a0m+ " 0.22)3. (5)
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7 bins around            
cusp/pionium excluded

pionium fraction fatom   
left free in the fit

Free fit parameters: a0-a2, a2, Dalitz plot parameters, normalizations
                                        (fit also includes K → π± π+ π- decays)
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Fit Quality and Pionium

region excluded
from fit

Pionium !+!! atoms decaying to !0!0?
Observe an excess of events at cusp point m!0!0 = 2m!+ of

(1.8 ± 0.2) ! 10!5 per K± " !±!+!! decay.
Prediction for pionium formation in K± " !±!+!! (Silagadze, ’94):

0.8 ! 10!5

But: have to take electromagn. corrections to FSI into account!
=# !+!! unbound states with resonant structure.

(Gevorkian, Tarasov, Voskresenskaya, hep-ph/0612129)
Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.17/38

Brief  Excursion: Pionium
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Rainer Wanke, HICforFair Colloquium, Dec 9, 2010
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The CI formulation [7] includes all one-loop and two-
loop rescattering diagrams and can be used to fit both
K± ! !±!0!0 and K± ! !±!+!" decay distributions.
However, rescattering effects are much smaller in K± !
!±!+!" than in the K± ! !±!0!0 decay because the in-
variant mass of any two-pion pair is always #2m+. Indeed,
a good fit to the K± ! !±!+!" Dalitz plot [14] can be
obtained with or without the addition of rescattering terms
to the tree-level weak amplitude of K± ! !±!+!" decay.
We have checked that both the values of the best fit parame-
ters and their statistical errors, as obtained from fits to the
M2

00 distribution of K± ! !±!0!0 decay, undergo negligi-
ble changes whether or not rescattering effects are included
in the K± ! !±!+!" decay amplitude. This can be un-
derstood from the fact that the K± ! !±!+!" decay am-
plitude enters into the CI formulation of rescattering effects
in K± ! !±!0!0 decays as the complete expression given
by (4). Thus (4), with parameters extracted from a fit to the
K± ! !±!+!" data, provides an adequate phenomeno-
logical description of K± ! !±!+!" decay which can be
used in calculating rescattering effects in K± ! !±!0!0

decay.
In the fits to the M2

00 distribution from K± ! !±!0!0

decay, the free parameters are (a0 " a2)m+, a2m+, g0, h0,
and an overall normalization constant. The coefficient k0
cannot be directly obtained from a fit to the M2

00 distribu-
tion. Its value is determined independently from the Dalitz
plot distribution of K± ! !±!0!0 decays, as described in
the Appendix. The value k0 = 0.0099 is kept fixed in the fits.

All M+ parameters are fixed from data: the coefficients
g, h, k are obtained from a separate fit to the K± !
!±!+!" decay Dalitz plot [14], using M+ as given by (4),
and taking into account Coulomb effects; and A+ is ob-
tained from the measured ratio, R, of the K± ! !±!+!"

and K± ! !±!0!0 decay rates, R = 3.175 ± 0.050 [12],
which is proportional to A2

+. The fit gives g = "0.2112 ±
0.0002, h = 0.0067±0.0003, k = "0.00477±0.00008; and
we obtain A+ = 1.925 ± 0.015. These values are kept fixed
in the fits to the M2

00 distribution from K± ! !±!0!0 de-
cay.

As explained in Sect. 7 all fits are performed over the
M2

00 interval from 0.074094 to 0.104244 (GeV/c2)2 (bin 26
to 226). The CI formulation [7] does not include radiative
corrections, which are particularly important near M00 =
2m+, and contribute to the formation of !+!" atoms (“pio-
nium”). For this reason we first exclude from the fit a group
of seven consecutive bins centred at M2

00 = 4m2
+ (an in-

terval of ±0.94 MeV/c2 in M00). The quality of this fit
is illustrated in Fig. 4a, which displays the quantity " $
(data " fit)/data as a function of M2

00. The small excess of
events from pionium formation is clearly visible.

Pionium formation and its dominating decay to !0!0 are
taken into account in the fit by multiplying the content of

Fig. 4 " = (data " fit)/data versus M2
00 for the rescattering formula-

tion of ref. [7]: a—fit with no pionium formation and excluding seven
consecutive bins centred at M2

00 = (2m+)2 (the excluded region is
shown by the two vertical dotted lines; b—fit with pionium CI (see
text). The two vertical dashed lines show the M2

00 interval used in the
fit. The point M2

00 = (2m+)2 is indicated by the arrow

the bin centred at M2
00 = 4m2

+ (bin 51) by 1 + fatom, where
1 + fatom describes the contribution from pionium forma-
tion and decay. The pionium width is much narrower than
the bin width, since its mean lifetime is measured to be
%3 & 10"15 s [18]; however, the M2

00 resolution is taken
into account in the fits as described in the last paragraph of
Sect. 4. The results of a fit with fatom as a free parameter
and with no excluded bins near M2

00 = 4m2
+ are given in Ta-

bles 2 and 3 (fit CI): the quality of this fit is shown in Fig. 4b.
The best fit value fatom = 0.0533 ± 0.0091 corresponds to
a rate of K± ! !±+ pionium decay, normalized to the
K± ! !±!+!" decay rate, of (1.69±0.29)&10"5, which
is larger than the predicted value %0.8 & 10"5 [19, 20]. As
discussed in Sect. 6, this difference is due to additional ra-
diative effects, which are not taken into account in the CI
formulation [7] and, contrary to pionium formation and de-
cay, affect more than one bin. For this reason for the fits
without the radiative effects taken into account we prefer to
fix fatom = 0.0533 and to exclude from the fit the seven con-
secutive bins centred at M2

00 = 4m2
+. The results of this fit

are listed as Fit CIA in Tables 2 and 3.
We have also performed fits using the constraint between

a2 and a0 predicted by analyticity and chiral symmetry [21]
(we refer to this constraint as the ChPT constraint):

a2m+ = ("0.0444 ± 0.0008) + 0.236(a0m+ " 0.22)

" 0.61(a0m+ " 0.22)2 " 9.9(a0m+ " 0.22)3. (5)
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Free fit parameters: a0-a2, a2, Dalitz plot parameters, normalizations
                                        (fit also includes K ! !± !+ !- decays)

(Gevorkian, Tarasov, Voskresenskaya, PLB 649 (2007) 159)

http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0612129
http://www.slac.stanford.edu/spires/find/hep/www?eprint=hep-ph/0612129
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!"##"$%&'()*+#)!"##"$%&'()*+#)

  fit          χ2/ndf           a0-a2           a2              fatom  
-------------------------------------------------------------------------------------------------
CI                 206.3/195           0.2727(46)       -0.0392(80)       0.0533(91)
CI  (a)          201.6/189           0.2689(50)       -0.0344(86)       0.0533
CI  (c)           210.6/196           0.2749(21)       -0.0413             0.0441(76)
CI  (a,c)        207.6/190           0.2741(21)       -0.0415             0.0441
-------------------------------------------------------------------------------------------------
BB                462.9/452           0.2815(43)       -0.0693(136)     0.0530(95)
BB (a)           458.5/446           0.2775(48)       -0.0593(142)     0.0542
BB (c)           467.3/453           0.2737(26)       -0.0417              0.0647(76)
BB (a,c)        459.8/447           0.2722(27)       -0.0421              0.0647

CI                 205.6/195           0.2483(45)       -0.0092(91)      0.0625(92)
CI (a)            202.9/189           0.2461(49)       -0.0061(98)      0.0625
CI (c)            222.1/196           0.2646(21)       -0.0443             0.0420(77)
CI (a,c)         219.7/190           0.2645(22)       -0.0444             0.0420
-------------------------------------------------------------------------------------------------
BB                477.4/452            0.2571(48)       -0.0241(129)     0.0631(97)
BB (a)           474.4/446            0.2544(51)       -0.0194(132)     0.0631
BB (c)           479.8/453            0.2633(24)       -0.0447              0.0538(77)
BB (ac)         478.1/447            0.2627(25)       -0.0449              0.0538

RAD.  CORR.  OFF

RAD.  CORR.  ON

(a)  pionium fixed
(c)  CHPT constraint ON
(a,c) both ... 

(..)           stat. error
 no (..)  = fixed par.

FINAL RESULT 
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  fit          χ2/ndf           a0-a2           a2              fatom  
-------------------------------------------------------------------------------------------------
CI                 206.3/195           0.2727(46)       -0.0392(80)       0.0533(91)
CI  (a)          201.6/189           0.2689(50)       -0.0344(86)       0.0533
CI  (c)           210.6/196           0.2749(21)       -0.0413             0.0441(76)
CI  (a,c)        207.6/190           0.2741(21)       -0.0415             0.0441
-------------------------------------------------------------------------------------------------
BB                462.9/452           0.2815(43)       -0.0693(136)     0.0530(95)
BB (a)           458.5/446           0.2775(48)       -0.0593(142)     0.0542
BB (c)           467.3/453           0.2737(26)       -0.0417              0.0647(76)
BB (a,c)        459.8/447           0.2722(27)       -0.0421              0.0647

CI                 205.6/195           0.2483(45)       -0.0092(91)      0.0625(92)
CI (a)            202.9/189           0.2461(49)       -0.0061(98)      0.0625
CI (c)            222.1/196           0.2646(21)       -0.0443             0.0420(77)
CI (a,c)         219.7/190           0.2645(22)       -0.0444             0.0420
-------------------------------------------------------------------------------------------------
BB                477.4/452            0.2571(48)       -0.0241(129)     0.0631(97)
BB (a)           474.4/446            0.2544(51)       -0.0194(132)     0.0631
BB (c)           479.8/453            0.2633(24)       -0.0447              0.0538(77)
BB (ac)         478.1/447            0.2627(25)       -0.0449              0.0538

RAD.  CORR.  OFF

RAD.  CORR.  ON

(a)  pionium fixed
(c)  CHPT constraint ON
(a,c) both ... 

(..)           stat. error
 no (..)  = fixed par.

FINAL RESULT 

Rad. corr. off

Rad. corr. on

a: pionium fatom fixed
c: with ChPT constraint
a,c: both

(...): statistical error

final result
(fatom, a0-a2, a2 
free in the fit)

➜
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mate estimate of radiative effects in this case, we have cor-
rected the fit procedure by multiplying the absolute value
of the K± ! !±!0!0 decay amplitude given in ref. [7] by
|Arad

00+/A00+| [22], as obtained in the framework of the BB
formulation [8, 9]. Because of the non-physical singularity
of Arad

00+ at M2
00 = (2m+)2 in the BB formulation, in the cal-

culation of the K± ! !±!0!0 decay amplitude for the 51st
bin we also multiply the squared amplitude of ref. [7] by
1 + fatom.

The results of these radiative-corrected fits to the M2
00

distribution from K± ! !±!0!0 decay performed using
the CI formula are listed in Tables 6 and 7 (Fits CI to CI"A).
The parameter correlations for two fits which include elec-
tromagnetic effects are shown in Tables 8 and 9.

Figure 5 illustrates the fit results for the fits CI and BB
with and without radiative corrections. All the fits are per-
formed using the same K± ! !±!0!0 data sample.

6.2 Pionium formation and other electromagnetic effects
at the cusp point

Pionium formation in particle decay and in charged particle
scattering was studied in early theoretical work [20, 23], but
a unified description of its production together with other
electromagnetic effects near threshold was missing.

In a more recent approach [24], electromagnetic effects
in K± ! !±!0!0 decay have been studied in the frame-
work of nonrelativistic quantum mechanics using a potential
model to describe the electromagnetic interaction between
the !+!" pair in loop diagrams. This model is equivalent

Table 8 Fit parameter correlations for the CI formulation with radia-
tive correction (fit CI in Table 6)

g0 h0 a0 " a2 a2 fatom

g0 1.000

h0 "0.629 1.000

a0 " a2 0.794 "0.719 1.000

a2 "0.913 0.883 "0.873 1.000

fatom "0.516 0.387 "0.650 0.542 1.000

Fig. 5 68% confidence level ellipses taking into account the statistical
uncertainties only. Dashed line ellipses: fits CI and BB without radia-
tive corrections. Solid line ellipses: fits CI and BB with radiative cor-
rections. The theoretical band allowed by the ChPT constraint (see (5))
is shown by the dotted curves

to a perturbative one, in which all simple sequential !+!"

loops with electromagnetic interactions between the two
charged pions are taken into account to all orders (including
the formation of electromagnetically bound final states), but
there is no emission of real photons and the electromagnetic
interaction with the other !± from the K± ! !±!+!" de-
cay is ignored. Because of these limitations, the model of
ref. [24] cannot be directly applied to the full physical re-
gion of the K± ! !±!0!0 decay; however, contrary to the
BB formulation [9], its integral effect over a narrow region
which includes the cusp point (M2

00 = 4m2
+) can be calcu-

lated.
We have implemented the electromagnetic effects pre-

dicted by the model of ref. [24] in the parameterization of

Table 9 Fit parameter
correlations for the BB
formulation with radiative
correction (fit BB in Table 6)

g0 h0 g h k fatom a0 " a2 a2

g0 1.000

h0 0.997 1.000

g "0.972 "0.965 1.000

h 0.234 0.220 "0.255 1.000

k "0.211 "0.225 0.194 0.889 1.000

fatom 0.597 0.570 "0.652 0.172 "0.111 1.000

a0 " a2 "0.870 "0.843 0.934 "0.404 "0.001 "0.682 1.000

a2 0.977 0.982 "0.976 0.141 "0.310 0.597 "0.839 1.000

with rad. corr.

without rad. corr.

ChPT constraint

(only statistical uncertainties shown)

Final result:     (EPJC 64 (2009) 589)

a0-a2 =  0.257(5)stat(3)sys(1)ext 

     a2 = -0.024(13)stat(9)sys(2)ext

       (statistical correlation -0.839)

With ChPT constraint:

a0-a2 = 0.2633(24)stat(14)sys(19)ext 

ChPT prediction:
         a0-a2 = 0.265(4) 

http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0912.2165
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0912.2165
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Rescattering in KL ! !0!0!0

Divide data by MC prediction without !! rescattering:

=" Evidence for a change in slope near the cusp point.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.20/38

NA48/2 data taking in 2000:

Rescattering in KL ! !0!0!0

NA48 data-taking in 2000:

" 88.0 million background-free KL ! !0!0!0 events

not more than
1 entry/event

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.19/38
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ited before event (increases effect from accidentals), vary
cut on !2

E from<10 to no cut [Fig. 4(b)], remove simulated
decays in which any photon loses more than 3% of its
energy in the CsI (see systematic test ‘‘low-side energy
tail’’ in Sec. VII A), use reconstructed CsI photon
energies instead of adjusted energies based on kinematic
constraints.

Photon conversions in detector material result in e!e"

pairs that are reconstructed as a single photon. A scintilla-
tor hodoscope just upstream of the CsI calorimeter tags
such e!e" pairs. The standard analysis allows up to one hit
in this hodoscope. As a systematic test, we compare results
with (i) no requirement on hodoscope hits, and with (ii) a
requirement that there are no hits in the hodoscope. For
these two samples, there is a 15% difference in the number
of reconstructed KL ! "0"0"0 decays, and the difference
in h000 is #0:07$ 0:09% & 10"3.

As a final cross-check, the analysis is repeated using the
reconstructed photon energies instead of the adjusted en-
ergies based on kinematic constraints from the KL and "0

masses [see !2
E in Eq. (10)]. Using unconstrained Dalitz

variables, the resulting value of h000 changes by 1:2#h
stat

compared to the nominal result. However, compared to the
nominal result in Eqs. (16) and (17), the overall fit-!2

increases by 120, and the fit-!2 for the edge pixels in-
creases by nearly 60. This increase in !2 indicates that the
resolution is not modeled as well for the unconstrained
Dalitz variables, and it illustrates the importance of the
kinematic constraints.

IX. MEASUREMENT OF a0 " a2 AND h000 WITH
KL ! !0!0!0 DECAYS

Here we use KL ! "0"0"0 decays to measure both the
quadratic slope parameter and the difference in pion scat-
tering lengths. The fit procedure is described in Sec. V, but
now we float a0 " a2 instead of fixing it to the value

measured by NA48 [7]. Fitting our data for both h000 and
a0 " a2 in a two-parameter fit, we find

h000 ' #"2:09$ 0:62stat $ 0:72syst $ 0:28ext% & 10"3

(20)

' #"2:09$ 0:99% & 10"3; (21)

m"!#a0 " a2% ' 0:215$ 0:014stat $ 0:025syst $ 0:006ext

(22)

' 0:215$ 0:031; (23)

$ha ' !0:939; (24)

!2=dof ' 2790:6=2764 #all pixels%; (25)

!2=dof ' 126:3=130 #edge pixels%: (26)

The uncertainties are from data statistics, KTeV systematic
errors, and external systematic errors. The systematic un-
certainties are evaluated in the same manner as for the one-
parameter fit for h000 (Sec. VII): these uncertainties are
summarized in Table IV. The data-model comparisons are
shown in Fig. 8.
Compared to the fit in which a0 " a2 is fixed [Eq. (18)],

the statistical uncertainty on h000 is more than &3 larger
but the total uncertainty is slightly smaller. The reason for
the smaller h000-uncertainty when a0 " a2 is floated is
related to the nonlinear dependence of the correlation
between h000 and a0 " a2. When a0 " a2 ' 0:268 is fixed,
dh000=d#a0 " a2% ’ 0:06. For our best-fit value of a0 "
a2 ' 0:215, dh000=d#a0 " a2% ’ 0:04, and hence h000 is
less sensitive to variations in a0 " a2. The asymmetry
between !1# and "1# variations is about 10%, so we
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in this hodoscope. As a systematic test, we compare results
with (i) no requirement on hodoscope hits, and with (ii) a
requirement that there are no hits in the hodoscope. For
these two samples, there is a 15% difference in the number
of reconstructed KL ! "0"0"0 decays, and the difference
in h000 is #0:07$ 0:09% & 10"3.

As a final cross-check, the analysis is repeated using the
reconstructed photon energies instead of the adjusted en-
ergies based on kinematic constraints from the KL and "0
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compared to the nominal result. However, compared to the
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The uncertainties are from data statistics, KTeV systematic
errors, and external systematic errors. The systematic un-
certainties are evaluated in the same manner as for the one-
parameter fit for h000 (Sec. VII): these uncertainties are
summarized in Table IV. The data-model comparisons are
shown in Fig. 8.
Compared to the fit in which a0 " a2 is fixed [Eq. (18)],

the statistical uncertainty on h000 is more than &3 larger
but the total uncertainty is slightly smaller. The reason for
the smaller h000-uncertainty when a0 " a2 is floated is
related to the nonlinear dependence of the correlation
between h000 and a0 " a2. When a0 " a2 ' 0:268 is fixed,
dh000=d#a0 " a2% ’ 0:06. For our best-fit value of a0 "
a2 ' 0:215, dh000=d#a0 " a2% ’ 0:04, and hence h000 is
less sensitive to variations in a0 " a2. The asymmetry
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decays in which any photon loses more than 3% of its
energy in the CsI (see systematic test ‘‘low-side energy
tail’’ in Sec. VII A), use reconstructed CsI photon
energies instead of adjusted energies based on kinematic
constraints.

Photon conversions in detector material result in e!e"

pairs that are reconstructed as a single photon. A scintilla-
tor hodoscope just upstream of the CsI calorimeter tags
such e!e" pairs. The standard analysis allows up to one hit
in this hodoscope. As a systematic test, we compare results
with (i) no requirement on hodoscope hits, and with (ii) a
requirement that there are no hits in the hodoscope. For
these two samples, there is a 15% difference in the number
of reconstructed KL ! "0"0"0 decays, and the difference
in h000 is #0:07$ 0:09% & 10"3.

As a final cross-check, the analysis is repeated using the
reconstructed photon energies instead of the adjusted en-
ergies based on kinematic constraints from the KL and "0

masses [see !2
E in Eq. (10)]. Using unconstrained Dalitz

variables, the resulting value of h000 changes by 1:2#h
stat

compared to the nominal result. However, compared to the
nominal result in Eqs. (16) and (17), the overall fit-!2

increases by 120, and the fit-!2 for the edge pixels in-
creases by nearly 60. This increase in !2 indicates that the
resolution is not modeled as well for the unconstrained
Dalitz variables, and it illustrates the importance of the
kinematic constraints.
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Here we use KL ! "0"0"0 decays to measure both the
quadratic slope parameter and the difference in pion scat-
tering lengths. The fit procedure is described in Sec. V, but
now we float a0 " a2 instead of fixing it to the value

measured by NA48 [7]. Fitting our data for both h000 and
a0 " a2 in a two-parameter fit, we find

h000 ' #"2:09$ 0:62stat $ 0:72syst $ 0:28ext% & 10"3
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$ha ' !0:939; (24)

!2=dof ' 2790:6=2764 #all pixels%; (25)

!2=dof ' 126:3=130 #edge pixels%: (26)

The uncertainties are from data statistics, KTeV systematic
errors, and external systematic errors. The systematic un-
certainties are evaluated in the same manner as for the one-
parameter fit for h000 (Sec. VII): these uncertainties are
summarized in Table IV. The data-model comparisons are
shown in Fig. 8.
Compared to the fit in which a0 " a2 is fixed [Eq. (18)],

the statistical uncertainty on h000 is more than &3 larger
but the total uncertainty is slightly smaller. The reason for
the smaller h000-uncertainty when a0 " a2 is floated is
related to the nonlinear dependence of the correlation
between h000 and a0 " a2. When a0 " a2 ' 0:268 is fixed,
dh000=d#a0 " a2% ’ 0:06. For our best-fit value of a0 "
a2 ' 0:215, dh000=d#a0 " a2% ’ 0:04, and hence h000 is
less sensitive to variations in a0 " a2. The asymmetry
between !1# and "1# variations is about 10%, so we
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Scattering Lengths from
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ππ Scattering Lengths from Ke4 Decays
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!! Scattering in Ke4

Decay K± ! !+!!e±"("̄) (Ke4):

Rare decay with Br " 4 # 10!5.

NA48/2 in 2003 data set:

677 510 events
(0.5% background)

! 60% of 2003 NA48/2 data
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Background

Measurement of !! scattering in Ke4:
Ke4 decay amplitude depends on two complex phases:
— #0 = !! scattering phase shift for I = 0, l = 0 (S-wave)
— #1 = !! scattering phase shift for I = 1, l = 1 (P -wave)
(I = 2 suppressed by !I = 1

2
rule)

Decay rate depends on difference # = #0 $ #1, with # = #(m!!).
# %= 0 implies asymmetric distribution of lepton w.r.t. !! plane.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.26/38

!! Scattering in Ke4

!!
"

#$

$+

%

K
+

e+
$ e

Ke4 is 4-body decay =! 5 independent kinematic variables.
(Cabibbo-Maksymowicz variables)

s! = M2
!! Invariant di-pion mass squared.

se = M2
e" Invariant di-lepton mass squared.

!! Angle of "+ w.r.t. "" direction of flight in "" rest frame.
!e Angle of e+ w.r.t. e# direction of flight in e# rest frame.
$ Angle of "" decay plane w.r.t. e# decay plane.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.27/38

Ke4 decay:

Ke4  =  K± → π+ π- e± ν
Very rare:                Br(Ke4) ~ 4 x 10-5
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Kinematic Variables in Ke4

29

!! Scattering in Ke4

!!
"

#$

$+

%

K
+

e+
$ e

Ke4 is 4-body decay =! 5 independent kinematic variables.
(Cabibbo-Maksymowicz variables)

s! = M2
!! Invariant di-pion mass squared.

se = M2
e" Invariant di-lepton mass squared.

!! Angle of "+ w.r.t. "" direction of flight in "" rest frame.
!e Angle of e+ w.r.t. e# direction of flight in e# rest frame.
$ Angle of "" decay plane w.r.t. e# decay plane.

Rainer Wanke MENU07, FZ Jülich, September 10, 2007 – p.27/38

!! Scattering in Ke4

!!
"

#$

$+

%

K
+

e+
$ e

Ke4 is 4-body decay =! 5 independent kinematic variables.
(Cabibbo-Maksymowicz variables)

s! = M2
!! Invariant di-pion mass squared.

se = M2
e" Invariant di-lepton mass squared.

!! Angle of "+ w.r.t. "" direction of flight in "" rest frame.
!e Angle of e+ w.r.t. e# direction of flight in e# rest frame.
$ Angle of "" decay plane w.r.t. e# decay plane.
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Ke4 Selection
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Signal

Bkg

Bkg

Ke4

Kπ±π0(π0)

K3π

Ke4 selection:
3 charged tracks and 1 good vertex
2 opposite-sign pions, 1 electron (E/p ~ 1)
missing transverse momentum 
kaon momentum close to 60 GeV/c

Background:
K± → π± π+ π- with π → eν or                 
mis-identified pion
K± → π± π0 (π0)  with π0 → e+ e- ν and   
mis-identified electron
Background estimation from wrong-sign 
π+ π+ e- events

PK

➜  Background ~ 0.6 %



Rainer Wanke, TROIA'11, Aug 22nd, 2011

Full event sample (2003+2004):  1.13 million Ke4 decays

Fit in iso-populated boxes in the 5-dim. CM variables:

Ke4 Fitting Procedure

31

10(Mππ)× 5(Meν)× 5(cos θe)× 5(cos θπ)× 12(φ) = 15000 Boxes

Assuming constant form factors, K+ and K- samples fitted 
separately in 10 independent Mππ bins and then combined in 
each Mππ bin.

Data: K+ sample:  726 400 events     →       48 events/box
K- sample:   404 400 events     →       27 events/box

MC: K+ sample:  17.4 x 106 events  →   1160 events/box
K- sample:     9.7 x 106 events  →     650 events/box
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Ke4 Fit Results
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Mππ Meν

cos θπ cos θe

Φ(K+) Φ(K-) bkg x 10
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Ke4 Form Factor Results
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f �
s/fs = 0.152 ± 0.007stat ± 0.005syst

f ��
s /fs = − 0.073 ± 0.007stat ± 0.006syst

f �
e/fs = 0.068 ± 0.006stat ± 0.007syst

fp/fs = − 0.048 ± 0.003stat ± 0.004syst

gp/fs = 0.868 ± 0.010stat ± 0.010syst

g�
p/fs = 0.089 ± 0.017stat ± 0.013syst

hp/fs = − 0.398 ± 0.015stat ± 0.008syst

All form factors measured w.r.t. fs

Systematics from acceptance and 
background control

➜  First evidence of non-zero f´e and fp !

Single form factors
parametrized in
Taylor expansion:

Partial wave expansion 
of form factors:

q2 = (Sπ/4m2
π)− 1
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From phase shifts to scattering lengths
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Eur. Phys. J. C (2009) 59: 777–793 787

Fig. 6.1 The isospin-breaking
correction that must be
subtracted from the phase shift
!0 measured in Ke4 decays.
The width of the band reflects
the uncertainty in the ratio
R = 37 ± 5

factored out, the coefficient of the term linear in q is the
same as in the case of the scalar form factor at leading or-
der in ChPT. On the other hand, this is a two-loop effect
and therefore suppressed in magnitude. To obtain a reliable
estimate of its size is beyond the scope of this work.

7 !! scattering lengths from Ke4 decays

The first large-statistics experiment to measure the phase
!0 ! !1 in Ke4 decays has been performed by the Geneva–
Saclay collaboration about thirty years ago. In this ex-
periment about 30,000 Ke4 decays have been collected
and analysed [4–6]. More recently the E865 experiment at
Brookhaven [4–6] and the NA48/2 experiment at CERN [7]
have each collected more than ten times the statistics and
have made possible a precise extraction of the scattering
length a0

0 . So precise in fact, that a proper treatment of the
isospin-breaking corrections as discussed in this paper be-
comes essential.

In this section we discuss how the isospin-breaking cor-
rections influence the extraction of the scattering length, and
will do this for all three data sets. We perform two kinds
of analyses: we shall either leave both S-wave scattering
lengths free and fit them to the data, or use a low-energy
theorem which relates both of them to the scalar radius of
the pion and end up with a one-parameter fit [46].

For the two-parameter fits we have used the parametriza-
tion of the "" phase shifts corresponding to solutions of
the Roy equations as functions of the two S-wave scatter-
ing lengths provided in [47]. To evaluate numerically the
isospin-breaking correction (6.1) we have used R = 37 ± 5
and F = 86.2 ± 0.5 MeV [48]—moreover, we use the fact
that !1 = #1 at one-loop order. The results of these fits are

shown in Fig. 7.1 as one-sigma contours (68% probability,
i.e. $2 = $2

min +2.31) for the two most recent data sets, with
and without taking into account isospin-breaking correc-
tions. The ellipses corresponding to the Geneva–Saclay data
are too large in comparison, and for this reason we have not
shown them in the same figure. The figure shows that while
the ellipse corresponding to the uncorrected NA48 data does
not overlap with the theoretical prediction, after applying the
isospin-breaking correction, the two overlap completely. For
the ellipses corresponding to the E865 data the situation is
reversed: before applying isospin-breaking corrections there
is a perfect overlap, whereas after applying them the exper-
imental one-sigma contour and the prediction of the theory
barely touch. The figure also clearly shows that the two sets
of very high statistics data are not in very good mutual agree-
ment: the two one-sigma ellipses (with or without isospin-
breaking corrections) do not have any significant overlap. It
has been recently pointed out by Bloch-Devaux that the ori-
gin of this tension lies in the data point in the last bin of the
E865 data set [9], for which the evaluation of the barycenter
may need to be revised [49]: we have verified that indeed
it is enough to remove this point from the fit to obtain an
almost perfect overlap between the two ellipses.

We take into account the constraint of the pion scalar
radius as follows: we use the numerical estimate "r2#s =
0.61 ± 0.04 fm2 [2], which implies the relation

a2
0 = f

!
%a0

0

"
± 0.0008, %a0

0 $ a0
0 ! 0.22,

f (x) = !0.0444 + 0.236x ! 0.61x2 ! 9.9x3,
(7.1)

where the error accounts for the various sources of uncer-
tainty in the input used in the Roy equation solutions. In our

δ

Ke4 fit range
285 - 390 MeV

Corrections to be applied:

Radiative effects:     
Included in the simulation  
(Coulomb attraction, IB).

Mass effects:                        
Isospin corrections have 
to be applied to δ.              
Developed in close 
collaboration with NA48/2.  
(Colangelo, Gasser, Rusetsky,    
EPJC 59 (2009) 777)

Isospin corrections

Effect of 10-15 mrad on δ
(stat. precision ~7-8 mrad)

http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0811.0775
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0811.0775
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0811.0775
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0811.0775
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a0 = 0.2206± 0.0049stat ± 0.0018syst ± 0.0064theo

NA48/2 Fit of  Phase Shift δ = δ0 - δ1

35

a0 = 0.2220± 0.0128stat ± 0.0050syst ± 0.0037theo

a2 = −0.0432± 0.0086stat ± 0.0034syst ± 0.0028theo

Two-parameter fit:

no isospin correction

One-parameter fit:
(with ChPT constraint)
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Ke4 Data (with isospin corrections)

S118 PRD15(1977)

E865 PRD67(2003)

NA48/2 all data

universal band

ChPT

two-parameter fit one-parameter fit

theory

red line: fit of NA48/2 data only
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Comparison with previous Ke4 Results
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All Ke4
combined

-0.1 -0.05 0
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Ke4

E865
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NA48/2
Ke4

All Ke4
combined

Comparison of Ke4 measurements                                
(without ChPT constraint, old experiments isospin corrected):

Yellow lines:  Theory prediction
(not combination of measurements)

NA48/2 dominates 
Ke4 measurements

Perfect 
agreement with 
ChPT prediction!

a0 a2
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Combination of  Cusp and Ke4
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Two independent measurements with different samples, 
different systematics and different theory:

-0.06
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DIRAC

a0 = 0.2210± 0.0047stat ± 0.0040syst

a2 = −0.0429± 0.0044stat ± 0.0028syst

a0 − a2 = 0.2639± 0.0020stat ± 0.0015syst
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Combination with other Measurements
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All experiments:

Yellow line:  Theory prediction
(not combination of measurements)

Experimental data 
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theoretical precision
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with ChPT prediction
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Figure 5: Experimental results for free a0 (a) and a2 (b) from each Ke4 experiment and combined result
dominated by NA48 precision. The right part of the large S118 error bar is truncated. (c): a0! a2 results
from both Na48/2 analyzes and combined result. The DIRAC measurement is also shown. Color bands
correspond to the best predictions from ChPT.
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NA48/2: Results still not systematically limited, but need more 
                kaons. Single event sensitivity ~10-10 for NA48/2.

       ➜ Need more than ~100 billion kaon decays to top this!
            (if acceptance is about 10% and trigger efficiency ~1)

NA62: New experiment for measuring 100 K± → π± ν ν events, 
           starting in 2013 (Br ~10-10).

        ➜ Single event sensitivity ~10-12!
              However: trigger conditions are not selecting K3π, Ke4

        ➜ Special running periods needed.
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Kaon decays give unique possibility to study       
low-energy hadronic interactions with high precision.

With very high statistics, NA48/2 has checked ChPT 
predictions on ππ scattering lengths with high 
accuracy using both K± → π± π0 π0  and Ke4 decays.    
➜  very strong test of the theory

NA62: Measurement of 100 K± → π± ν ν events,         
starting in 2013, also possibility to collect even more 
statistics for scattering length measurements.
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m(!0!0) Reconstruction
Decays in two photons: (z.B. !0 ! "")

m2
!0 = 2 E1 E2 (1 " cos #) = E1 E2

d2
12

d2
LKR

If mass m!0 known:

dLKR = 1
m!0

!

E1 E2 d2
12

Decays in many photons: (z.B. !0!0 ! 4")

dLKR = 1
m!0!0

"
#

i,j;i>j Ei Ej d2
ij

Turning it around:
Vertex dLKR always the same!
=# Invariant mass m!0!0 only from LKr information:

m!0!0 = m!0

"
#

i,j;i>j Ei Ej d2
ij/

1
2

$!

E1 E2 d2
12 +

!

E3 E4 d2
34

%

E2

d 12

dLKr

E1

m

!

"0

dLKr

0m"  "0

d ij

Ei

Ej
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